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Abstract
A phylogenetic tree is a graphical representation of an evolutionary history of taxa in
which the leaves correspond to the taxa and the non-leaves correspond to speciations. One
of important problems in phylogenetic analysis is to assemble a global phylogenetic tree
from small phylogenetic trees, particularly, quartet trees. Quartet Compatibility is the
problem of deciding whether there is a phylogenetic tree inducing a given collection of quartet
trees, and to construct such a phylogenetic tree if it exists. It is known that Quartet
Compatibility is NP-hard and that there are only a few results known for polynomial-time
solvable subclasses.
In this paper, we introduce two novel classes of quartet systems, called complete mul-
tipartite quartet system and full multipartite quartet system, and present polynomial time
algorithms for Quartet Compatibility for these systems. We also see that complete/full
multipartite quartet systems naturally arise from a limited situation of block-restricted mea-
surement.
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1 Introduction
A phylogenetic tree for finite set [n] := {1, 2, . . . , n} is a tree T = (V,E) such that the set of leaves
of T coincides with [n] and each internal node V \ [n] has at least three neighbors. A phylogenetic
tree represents an evolutionary history of taxa in which the leaves correspond to the taxa and the
non-leaves correspond to speciations. One of important problems in phylogenetic analysis is to
assemble a global phylogenetic tree on [n] (called a supertree) from smaller pieces of phylogenetic
trees on possibly overlapping subsets of [n]; see [17, Section 6].
A quartet tree (or quartet) is a smallest nontrivial phylogenetic tree, that is, it has four
leaves (as taxa) and it is not a star. There are three quartet trees in set {a, b, c, d}, which
are denoted by ab||cd, ac||bd, and ad||bc. Here ab||cd represents the quartet tree such that a
and b (c and d) are adjacent to a common node; see Figure 1. Quartet trees are used for
representing substructures of a (possibly large) phylogenetic tree. A fundamental problem in
phylogenetic analysis is to construct, from given quartets, a phylogenetic tree having the quartets
as substructures. To introduce this problem formally, we use some notations and terminologies.
We say that a phylogenetic tree T displays a quartet ab||cd if the simple paths connecting a, b
and c, d in T , respectively, do not meet, i.e., ab||cd is the “restriction” of T to leaves a, b, c, d;
see Figure 2. By a quartet system on [n] we mean a collection of quartet trees whose leaves are
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subsets of [n]. We say that T displays a quartet system Q if T displays all quartet trees in Q. A
quartet system Q is said to be compatible if there exists a phylogenetic tree displaying Q. Now
the problem is formulated as:
Quartet Compatibility
Given: A quartet system Q.
Problem: Determine whether Q is compatible or not. If Q is compatible, obtain a phylogenetic
tree T displaying Q.
Quartet Compatibility has been intensively studied in computational biology as well
as theoretical computer science, particularly, algorithm design and computational complexity.
After a fundamental result by Steel [18] on the NP-hardness of Quartet Compatibility,
there have been a large amount of algorithmic results, which include efficient heuristics [13, 19],
approximation algorithms [3, 4, 12], and parametrized algorithms [7, 10].
In contrast, there are only a few results on polynomial-time solvable special subclasses:
• Colonius and Schulze [8] established a complete characterization to the abstract quaternary
relation N (neighbors relation) obtained from a phylogenetic tree T by: N(a, b, c, d) holds
if and only if T displays quartet tree ab||cd. By using this result, Bandelt and Dress [2]
showed that if, for every 4-element set {a, b, c, d} of [n], exactly one of ab||cd, ac||bd, and
ad||cd belongs to Q, then Quartet Compatibility for Q can be solved in polynomial
time.
• Aho, Sagiv, Szymanski, and Ullman [1] devised a polynomial time algorithm to find a
rooted phylogenetic tree displaying the input triple system. By using this result, Bryant
and Steel [5] showed that, if all quartets in Q have a common label, then Quartet Com-
patibility for Q can be solved in polynomial time.
Such results are useful for designing experiments to obtain quartet information from taxa,
and also play key roles in developing supertree methods for (incompatible) phylogenetic trees
(e.g., [16]).
In this paper, we present two novel tractable classes of quartet systems. To describe our
result, we extend the notions of quartets and quartet systems. In addition to ab||cd, we consider
symbol ab|cd as a quartet, which represents the quartet tree ab||cd or the star with leaves a, b, c, d;
see Figure 1. This corresponds to the weak neighbors relation in [2, 8], and enables us to capture a
degenerate phylogenetic tree in which internal nodes may have degree greater than 3. In a sense,
ab|cd means a “possibly degenerate” quartet tree such that the center edge can have zero length.
We define that a phylogenetic tree T displays ab|cd if the simple paths connecting a, b and c, d in
T , respectively, meet at most one node, i.e., the restriction of T to a, b, c, d is ab||cd or the star;
see Figure 2. Then the concepts of quartet systems, displaying, compatibility, and Quartet
Compatibility are naturally extended. A quartet system Q is said to be full on [n] if, for each
distinct a, b, c, d ∈ [n], either one of ab||cd, ac||bd, ad||bc belongs to Q or all ab|cd, ac|bd, ad|bc
belong to Q. The latter situation says that any phylogenetic tree displaying Q should induce the
star on a, b, c, d. Actually the above polynomial-time algorithm by Bandelt and Dress [2] works
for full quartet systems.
Full quartet systems may be viewed as a counterpart of complete graphs. We introduce
multipartite counterparts for quartet systems. A quartet systemQ is said to be complete bipartite
relative to bipartition {A,B} of [n] with min{|A|, |B|} ≥ 2 if, for all distinct a, a′ ∈ A and
b, b′ ∈ B, exactly one of
ab||a′b′, ab′||a′b, aa′|bb′ (1)
2
a
<latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit>
b
<latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnykyJ4g==</latexit>
c
<latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit>
d
<latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAAC ZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKStFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1 Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/J j5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDhFmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm9 19rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkT Ek5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUATx5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAAC ZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKStFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1 Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/J j5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDhFmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm9 19rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkT Ek5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUATx5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAAC ZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKStFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1 Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/J j5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDhFmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm9 19rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkT Ek5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUATx5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAAC ZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKStFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1 Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/J j5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDhFmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm9 19rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkT Ek5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUATx5eQpj8AzkyJ5A==</latexit>
a
<latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit>
b
<latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit>
c
<latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit>
d
<latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit>
a
<latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAAC ZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYhSQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU 2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5M f0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4BAR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9 P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQk iklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJNAl9CmvoAyEyJ4Q==</latexit> b
<latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit>
c
<latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAAC ZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqEJC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi 2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR /xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7AkeIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9 PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIy ZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0E/gW0swnzEyJ4w==</latexit> d
<latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit>
a
<latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit><latexit sha1_base64="ewuSP0XDU5BQMjDuiIQLqOI4Yk8=">AAACZHichVHLSsNAFD2Nr1qrrRZBEEQsiqtyI4LiqujGZR+2CrWUJI4amiYh SQu1+AO6VVy4UhARP8ONP+CiPyCISwU3LrxNA6Ki3mFmzpy5586ZGdU2dNcjaoeknt6+/oHwYGQoOjwSi4+OFV2r7miioFmG5WypiisM3RQFT/cMsWU7QqmphthUq2ud/c2GcFzdMje8pi3KNWXP1Hd1TfGYyiqVeJJS5Mf0TyAHIIkgMlb8GtvYgQUNddQgYMJjbECBy60EGQSbuTJazDmMdH9f4B AR1tY5S3CGwmyVxz1elQLW5HWnpuurNT7F4O6wchqz9EA39EL3dEtP9P5rrZZfo+OlybPa1Qq7EjuayL/9q6rx7GH/U/WnZw+7WPa96uzd9pnOLbSuvnFw9pJfyc225uiSntn/BbXpjm9gNl61q6zInSPCHyB/f+6foLiQkiklZxeT6dXgK8KYxAzm+b2XkMY6MijwuQLHOMFp6FGKSglpvJsqhQJN Al9CmvoAyEyJ4Q==</latexit> b
<latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit><latexit sha1_base64="69XD92zTOgvkRlljhJSuppYvvRQ=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxlVH3YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnykyJ4g==</latexit>
c
<latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit><latexit sha1_base64="lu/Cf4S7fI2pX3rx5Qu1Ikpy69Q=">AAACZHichVHLSsNAFD2Nr1ofrYogCFIsFVflRgTFVdGNS9taW1CRJE5raJqE JC3U4g/oVnHhSkFE/Aw3/oALf0AQlxXcuPA2DYgW9Q4zc+bMPXfOzKi2obse0VNI6unt6x8ID0aGhkdGo7Gx8S3XqjmayGuWYTlFVXGFoZsi7+meIYq2I5SqaoiCWllr7xfqwnF1y9z0GrbYrSplUy/pmuIxldH2YglKkR/xbiAHIIEgNqzYDXawDwsaaqhCwITH2IACl9s2ZBBs5nbRZM5hpPv7Ak eIsLbGWYIzFGYrPJZ5tR2wJq/bNV1frfEpBneHlXEk6ZFuqUUPdEcv9PFrraZfo+2lwbPa0Qp7L3o8lXv/V1Xl2cPBl+pPzx5KWPa96uzd9pn2LbSOvn543sqtZJPNObqiV/Z/SU90zzcw62/adUZkLxDhD5B/Pnc32FpIyZSSM4uJ9GrwFWFMYxbz/N5LSGMdG8jzuQInOMVZ6FkaliakyU6qFAo0 E/gW0swnzEyJ4w==</latexit>d
<latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit><latexit sha1_base64="/07SGsRsdqRu+GUmh89vvwgi1Hk=">AAACZHichVHLSsNAFD2N71pttQiCIGJRXJUbERRXohuXfVgr1FKSdKqhaRKS tFCLP6BbxYUrBRHxM9z4Ay78AUFcVnDjwts0ICrqHWbmzJl77pyZUW1Ddz2ix5DU09vXPzA4FB6OjIxGY2Pj265VdzSR0yzDcnZUxRWGboqcp3uG2LEdodRUQ+TV6kZnP98Qjqtb5pbXtEWxpuyZekXXFI+pdLkUS1CS/Jj5CeQAJBBEyopdYxdlWNBQRw0CJjzGBhS43AqQQbCZK6LFnMNI9/cFDh FmbZ2zBGcozFZ53ONVIWBNXndqur5a41MM7g4rZzBHD3RDbbqnW3qm919rtfwaHS9NntWuVtil6NFk9u1fVY1nD/ufqj89e6hgxfeqs3fbZzq30Lr6xsFZO7uamWvN0yW9sP8LeqQ7voHZeNWu0iJzjjB/gPz9uX+C7cWkTEk5vZRYWw++YhBTmMUCv/cy1rCJFHJ8rsAxTnAaepIiUlya6KZKoUAT x5eQpj8AzkyJ5A==</latexit>
ab||cd
<latexit sha1_base64="alEUE9+j+6xV8QhQRHBZj+TXT/8=">AAAC a3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQkaaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmo buusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWNHR/HtF IxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOYeR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHL Xqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPd neDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuznVQpFGgm8S2kxCeapIyK</latexit><latexit sha1_base64="alEUE9+j+6xV8QhQRHBZj+TXT/8=">AAAC a3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQkaaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmo buusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWNHR/HtF IxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOYeR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHL Xqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPd neDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuznVQpFGgm8S2kxCeapIyK</latexit><latexit sha1_base64="alEUE9+j+6xV8QhQRHBZj+TXT/8=">AAAC a3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQkaaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmo buusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWNHR/HtF IxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOYeR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHL Xqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPd neDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuznVQpFGgm8S2kxCeapIyK</latexit><latexit sha1_base64="alEUE9+j+6xV8QhQRHBZj+TXT/8=">AAAC a3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQkaaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmo buusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWNHR/HtF IxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOYeR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHL Xqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPd neDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuznVQpFGgm8S2kxCeapIyK</latexit>
ac||bd
<latexit sha1_base64="PUcJjG6yvQwQRA5oxXkQLm1nN+w=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWLHR/H1FIxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCeaqYyK</latexit><latexit sha1_base64="PUcJjG6yvQwQRA5oxXkQLm1nN+w=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWLHR/H1FIxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCeaqYyK</latexit><latexit sha1_base64="PUcJjG6yvQwQRA5oxXkQLm1nN+w=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWLHR/H1FIxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCeaqYyK</latexit><latexit sha1_base64="PUcJjG6yvQwQRA5oxXkQLm1nN+w=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOUWLHR/H1FIxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCeaqYyK</latexit>
ad||bc
<latexit sha1_base64="zIGae2vdswjEBJ8KjjVM+dcEpek=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOaUUOz6OqVoxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCear4yK</latexit><latexit sha1_base64="zIGae2vdswjEBJ8KjjVM+dcEpek=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOaUUOz6OqVoxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCear4yK</latexit><latexit sha1_base64="zIGae2vdswjEBJ8KjjVM+dcEpek=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOaUUOz6OqVoxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCear4yK</latexit><latexit sha1_base64="zIGae2vdswjEBJ8KjjVM+dcEpek=">AAACa3ichVHLSsNAFD2N7/po1Y2oi2KpuCo3IiiuBF24VGsfUEtJ0lFD0yQk aaFWf8ClGxe6URARP8ONP+CinyDiqoIbF96mAdGi3jCZM2fuuXPmjmobuusRNUNST29f/8DgUHh4ZHQsEh2fyLhW1dFEWrMMy8mpiisM3RRpT/cMkbMdoVRUQ2TV8np7P1sTjqtb5q5Xt0WhohyY+r6uKR5TOaUUOz6OqVoxGqck+RHrBnIA4ghiy4reYg8lWNBQRQUCJjzGBhS4/OUhg2AzV0CDOY eR7u8LnCDM2ipnCc5QmC3z/4BX+YA1ed2u6fpqjU8xeDisjCFBT3RHLXqke3qmj19rNfwabS91ntWOVtjFyOlU6v1fVYVnD4dfqj89e9jHiu9VZ++2z7RvoXX0taPzVmp1J9GYp2t6Yf9X1KQHvoFZe9NutsXOBcL8APLPdneDzGJSpqS8vRRf2wieYhAzmMMC93sZa9jEFtJ+n89wgcvQqzQpTUuz nVQpFGgm8S2kxCear4yK</latexit>
ad|bc
<latexit sha1_base64="8XP+bJCa4VhmqDzMwWyoMx/n+3k=">AAACanichVHLSsNAFD2N7/porRvFTbFWXJUbERRXBV24tNVaoZaSpNMamiYh SQta/QF3rgRdKYiIn+HGH3DhJ4juFNy48DYNiBb1DjNz5sw9d87MqLahux7RY0jq6e3rHxgcCg+PjI5FouOxbddqOJrIaZZhOTuq4gpDN0XO0z1D7NiOUOqqIfJqbbW9n28Kx9Utc8vbt0WxrlRNvaJrisdUXinHD+OqVoomKEV+xLuBHIAEgtiwotfYRRkWNDRQh4AJj7EBBS63AmQQbOaKaDHnMN L9fYEjhFnb4CzBGQqzNR6rvCoErMnrdk3XV2t8isHdYWUcSXqgG3qle7qlJ/r4tVbLr9H2ss+z2tEKuxQ5ntx8/1dV59nD3pfqT88eKlj2vers3faZ9i20jr55cPq6uZJNtubokp7Z/wU90h3fwGy+aVcZkT1HmD9A/vnc3WB7ISVTSs4sJtJrwVcMYhozmOf3XkIa69hAznd3gjOch16kmDQlTXdS pVCgmcC3kGY/AXpfjAQ=</latexit><latexit sha1_base64="8XP+bJCa4VhmqDzMwWyoMx/n+3k=">AAACanichVHLSsNAFD2N7/porRvFTbFWXJUbERRXBV24tNVaoZaSpNMamiYh SQta/QF3rgRdKYiIn+HGH3DhJ4juFNy48DYNiBb1DjNz5sw9d87MqLahux7RY0jq6e3rHxgcCg+PjI5FouOxbddqOJrIaZZhOTuq4gpDN0XO0z1D7NiOUOqqIfJqbbW9n28Kx9Utc8vbt0WxrlRNvaJrisdUXinHD+OqVoomKEV+xLuBHIAEgtiwotfYRRkWNDRQh4AJj7EBBS63AmQQbOaKaDHnMN L9fYEjhFnb4CzBGQqzNR6rvCoErMnrdk3XV2t8isHdYWUcSXqgG3qle7qlJ/r4tVbLr9H2ss+z2tEKuxQ5ntx8/1dV59nD3pfqT88eKlj2vers3faZ9i20jr55cPq6uZJNtubokp7Z/wU90h3fwGy+aVcZkT1HmD9A/vnc3WB7ISVTSs4sJtJrwVcMYhozmOf3XkIa69hAznd3gjOch16kmDQlTXdS pVCgmcC3kGY/AXpfjAQ=</latexit><latexit sha1_base64="8XP+bJCa4VhmqDzMwWyoMx/n+3k=">AAACanichVHLSsNAFD2N7/porRvFTbFWXJUbERRXBV24tNVaoZaSpNMamiYh SQta/QF3rgRdKYiIn+HGH3DhJ4juFNy48DYNiBb1DjNz5sw9d87MqLahux7RY0jq6e3rHxgcCg+PjI5FouOxbddqOJrIaZZhOTuq4gpDN0XO0z1D7NiOUOqqIfJqbbW9n28Kx9Utc8vbt0WxrlRNvaJrisdUXinHD+OqVoomKEV+xLuBHIAEgtiwotfYRRkWNDRQh4AJj7EBBS63AmQQbOaKaDHnMN L9fYEjhFnb4CzBGQqzNR6rvCoErMnrdk3XV2t8isHdYWUcSXqgG3qle7qlJ/r4tVbLr9H2ss+z2tEKuxQ5ntx8/1dV59nD3pfqT88eKlj2vers3faZ9i20jr55cPq6uZJNtubokp7Z/wU90h3fwGy+aVcZkT1HmD9A/vnc3WB7ISVTSs4sJtJrwVcMYhozmOf3XkIa69hAznd3gjOch16kmDQlTXdS pVCgmcC3kGY/AXpfjAQ=</latexit><latexit sha1_base64="8XP+bJCa4VhmqDzMwWyoMx/n+3k=">AAACanichVHLSsNAFD2N7/porRvFTbFWXJUbERRXBV24tNVaoZaSpNMamiYh SQta/QF3rgRdKYiIn+HGH3DhJ4juFNy48DYNiBb1DjNz5sw9d87MqLahux7RY0jq6e3rHxgcCg+PjI5FouOxbddqOJrIaZZhOTuq4gpDN0XO0z1D7NiOUOqqIfJqbbW9n28Kx9Utc8vbt0WxrlRNvaJrisdUXinHD+OqVoomKEV+xLuBHIAEgtiwotfYRRkWNDRQh4AJj7EBBS63AmQQbOaKaDHnMN L9fYEjhFnb4CzBGQqzNR6rvCoErMnrdk3XV2t8isHdYWUcSXqgG3qle7qlJ/r4tVbLr9H2ss+z2tEKuxQ5ntx8/1dV59nD3pfqT88eKlj2vers3faZ9i20jr55cPq6uZJNtubokp7Z/wU90h3fwGy+aVcZkT1HmD9A/vnc3WB7ISVTSs4sJtJrwVcMYhozmOf3XkIa69hAznd3gjOch16kmDQlTXdS pVCgmcC3kGY/AXpfjAQ=</latexit>
Figure 1: The quartets ab||cd, ac||bd, and ad||bc represent the first, second, and third phyloge-
netic trees for a, b, c, d from the left, respectively. ad|bc, for example, represents one of the two
phylogenetic trees in the dotted curve, that is, ad||bc or the star graph with leaves a, b, c, d.
ac||gi, ac|gi
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Figure 2: An example of phylogenetic tree T for {a, b, c, d, e, f, g, h, i, j}. T displays, for example,
ac||gi, ac|gi, and ac|df, ad|cf, af |cd.
belongs to Q, and every quartet in Q is of the above form (1). Note that every phylogenetic tree
displays exactly one of three quartets in (1). We next introduce a complete/full multipartite
system. Let A := {A1, A2, . . . , Ar} be a partition of [n] with |Ai| ≥ 2 for all i ∈ [r]. A quartet
system Q is said to be complete multipartite relative to A or complete A-partite if Q is represented
as
⋃
1≤i<j≤rQij for complete bipartite quartet systems Qij on Ai∪Aj with bipartition {Ai, Aj}.
A quartet system Q is said to be full multipartite relative to A or full A-partite if Q is represented
as Q0 ∪Q1 ∪ · · · ∪ Qr, where Q0 is a complete A-partite quartet system and Qi is a full quartet
system on Ai for each i ∈ [r]. Our main result is:
Theorem 1.1. If the input quartet system Q is complete A-partite or full A-partite, then Quar-
tet Compatibility can be solved in O(|A|n4) time.
The result for full A-partite quartet systems extends the above polynomial time solvability
for full quartet systems by [2]. Also this result has some insights on supertree construction from
phylogenetic trees on disjoint groups of taxa. In such a case, we have a full system on each
group. Another possible application is given as follows.
Application: Inferring a phylogenetic tree from block-restricted measurements.
Quartet-based phylogenetic tree reconstruction methods may be viewed as qualitative approx-
imations of distance methods that construct a phylogenetic tree from (evolutionary) distance
δ : [n]× [n]→ R+ among a set [n] of taxa. Here R+ denotes the set of nonnegative real values.
The distance δ naturally gives rise to a full quartet system Q as follows. Let Q := ∅ at first. For
all distinct a, b, c, d ∈ [n], add ab||cd toQ if δ(a, b)+δ(c, d) < min{δ(a, c)+δ(b, d), δ(a, d)+δ(b, c)}.
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See [9, 14]. Then Q becomes a full quartet system, by adding ab|cd, ac|bd, ac|bd if none of ab||cd,
ac||bd, ac||bd belong to Q. If δ coincides with the path-metric of an actual phylogenetic tree T
(with nonnegative edge-length), then δ obeys the famous four-point condition on all four elements
a, b, c, d [6]:
(4pt) the larger two of δ(a, b) + δ(c, d), δ(a, c) + δ(b, d), and δ(a, d) + δ(b, c) are equal.
In this case, the above definition of quartets matches the neighbors relation of T . Thus, from
the full quartet system Q, via the algorithm of [2], we can recover the original phylogenetic tree
T (without edge-length).
Next we consider the following limited situation in which complete/full A-partite quartet
systems naturally arise. The set [n] of taxa is divided into r groups A1, A2, . . . , Ar (with |Ai| ≥ 2).
By reasons of the cost and/or the difficulty of experiments, we are limited to measure the distance
between a ∈ Ai and b ∈ Aj via different methods/equipments depending on i, j. Namely we have(
r
2
)
distance functions δij : Ai × Aj → R+ for 1 ≤ i < j ≤ r but it is meaningless to compare
numerical values of δij and δi′j′ for {i, j} 6= {i′, j′}. A complete A-partite quartet system Q is
obtained as follows. For distinct i, j, define complete bipartite quartet system Qij by: for all
distinct a, a′ ∈ Ai and b, b′ ∈ Aj it holds
ab||a′b′ ∈ Qij if δij(a, b) + δij(a′, b′) < δij(a, b′) + δij(a′, b),
ab′||a′b ∈ Qij if δij(a, b) + δij(a′, b′) > δij(a, b′) + δij(a′, b),
aa′|bb′ ∈ Qij if δij(a, b) + δij(a′, b′) = δij(a, b′) + δij(a′, b).
Then Q := ⋃1≤i<j≤rQij is a complete A-partite quartet system.
This construction of complete A-partite quartet system Q is justified as follows. Assume
a phylogenetic tree T on [n] with path-metric δ. Assume further that each δij is linear on δ,
i.e., δij is equal to αijδ for some unknown constant αij > 0. By (4pt), the situation δij(a, b) +
δij(a
′, b′) < δij(a, b′) + δij(a′, b) implies δ(a, b) + δ(a′, b′) < δ(a, b′) + δ(a′, b) = δ(a, a′) + δ(a, b′),
and implies that T displays ab||a′b′. The situation δij(a, b) + δij(a′, b′) = δij(a, b′) + δij(a′, b)
implies δ(a, b) + δ(a′, b′) = δ(a, b′) + δ(a′, b) ≥ δ(a, a′) + δ(a, b′), and implies that T displays
aa′|bb′. Thus, by our algorithm, we can construct a phylogenetic tree T ′ “similar” to T in the
sense that T ′ and T produce the same result under our limited measurement.
Suppose now that we have additional r distance functions δi : Ai × Ai → R+ for i ∈ [r]. In
this case, we naturally obtain a full A-partite quartet system. Indeed, define full quartet system
Qi on Ai according to δi as in the first paragraph. Then Q :=
⋃
1≤i<j≤rQij ∪
⋃
1≤i≤rQi is a full
A-partite quartet system to which our algorithm is applicable.
Organization. This paper is organized as follows. Quartet Compatibility can be viewed
as a problem of finding an appropriate laminar family. We first introduce a displaying concept
for an arbitrary family of subsets, and then divide Quartet Compatibility into two subprob-
lems. The first problem is to find a family displaying the input quartet system, and the second
problem is to transform the family into a desired laminar family. For the second, we utilize
the laminarization algorithm developed by Hirai, Iwamasa, Murota, and Zˇivny´ [11] obtained in
a different context. In Sections 2 and 3, we show the result for complete and full multipartite
quartet systems, respectively.
Preliminaries. A family L ⊆ 2[n] is said to be laminar if X ⊆ Y , X ⊇ Y , orX∩Y = ∅ holds for
all X,Y ∈ L. A phylogenetic tree can be encoded into a laminar family as follows. Let T = (V,E)
be a phylogenetic tree for [n]. We say that an edge in E is internal if it is not incident to a
leaf. By deleting an internal edge e ∈ E, the tree T is separated into two connected components,
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which induce a bipartition of [n]. We denote by {Xe, Ye} this bipartition. By choosing either
Xe or Ye appropriately for each internal edge e ∈ E, we can construct a laminar family L on [n]
with min{|X|, |[n] \ X|} ≥ 2 for all X ∈ L. Conversely, let L on [n] be a laminar family with
min{|X|, |[n] \X|} ≥ 2 for all X ∈ L. Then we construct the set Lˆ := {{X, [n] \X} | X ∈ L}
of bipartitions from L. It is known [6] that, for such Lˆ, there uniquely exists a phylogenetic tree
that induces Lˆ.
2 Complete multipartite quartet system
2.1 Displaying and Laminarization
In this subsection, we explain that Quartet Compatibility for complete multipartite quartet
systems can be divided into two subproblems named as Displaying and Laminarization. Let
A := {A1, A2, . . . , Ar} be a partition of [n] with |Ai| ≥ 2 for all i ∈ [r], and Q be a complete
A-partite quartet system. We say that a family F ⊆ 2[n] displays Q if, for all distinct i, j ∈ [r],
a, a′ ∈ Ai, and b, b′ ∈ Aj , the following (i) and (ii) are equivalent:
(i) ab||a′b′ belongs to Q.
(ii) There is X ∈ F satisfying a, b ∈ X 63 a′, b′ or a, b 6∈ X 3 a′, b′.
Every family displays either exactly one complete A-partite quartet system or no complete A-
partite quartet system. Indeed, a family F uniquely determine the set Q(F) of quartet trees
of the form ab||a′b′ by the above correspondence. The family F does not display any complete
A-partite quartet system if and only if Q(F) contains both ab||a′b′ and ab′||a′b for some distinct
i, j ∈ [r], a, a′ ∈ Ai, and b, b′ ∈ Aj . In particular, a laminar family L always displays exactly one
complete A-partite quartet system Q.
The following lemma implies that Quartet Compatibility for a completeA-partite quartet
system Q can be viewed as the problem of finding a laminar family L displaying Q if it exists.
Lemma 2.1. A complete A-partite system Q is compatible if and only if there exists a laminar
family L displaying Q. In particular, in the compatible case, Q is displayed by the phylogenetic
tree corresponding to L.
Proof. Let L be a laminar family and T the phylogenetic tree corresponding to L. We note that
T displays ab||cd if and only if there is X ∈ L satisfying a, b ∈ X 63 c, d or a, b 6∈ X 3 c, d.
Moreover if T displays ab|cd, then T displays neither ac||bd nor ad||bc. From these facts, the
only-if part is obvious.
(If part). Suppose that there is a laminar family L displaying Q. Let T be the phylogenetic
tree corresponding to L. We show that T displays Q. Take a, a′ ∈ Ai, and b, b′ ∈ Aj for
distinct i, j ∈ [r]. If ab||a′b′ ∈ Q, then, by (i) ⇒ (ii) in the definition of displaying, there is
X ∈ L satisfying a, b ∈ X 63 a′, b′ or a, b 6∈ X 3 a′, b′. This implies T displays ab||a′b′. Suppose
aa′|bb′ ∈ Q. Then ab||a′b′, ab′||a′b 6∈ Q hold by the multipartite completeness of Q. Thus, by
(ii) ⇒ (i), there is no X ∈ L satisfying a, b ∈ X 63 a′, b′, a, b 6∈ X 3 a′, b′, a, b′ ∈ X 63 a′, b, or
a, b′ 6∈ X 3 a′, b. Hence it can happen that either there is X ∈ L satisfying a, a′ ∈ X 63 b, b′ or
a, a′ 6∈ X 3 b, b′, or there is no X ∈ L with |X ∩ {a, a′, b, b′}| = 2. The former implies that T
displays aa′||bb′ and aa′|bb′, and the latter implies that T displays aa′|bb′, ab|a′b′, and ab′|a′b; in
the both cases T displays aa′|bb′. 
It can happen that different families may display the same complete A-partite quartet system.
To cope with such complications, we define an equivalence relation ∼ on sets X,Y ⊆ [n] by:
X ∼ Y if {X} and {Y } display the same complete A-partite quartet system. Let [X] := {Y ⊆
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[n] | X ∼ Y } for X ⊆ [n]. A set X ⊆ [n] is called an A-cut if X 6∼ ∅, i.e., X 6∈ [∅]. One can see
that X is an A-cut if and only if ∅ 6= X ∩Ai 6= Ai holds for at least two i ∈ [r]. We consider only
A-cuts if the input quartet system Q is complete A-partite. Indeed, let F be a family and F ′ the
A-cut family in F . Then both F and F ′ display the same complete A-partite quartet system.
The equivalence relation is naturally extended to A-cut families F ,G by: F ∼ G ⇔ F/∼ = G/∼,
where F/∼ := {[X] | X ∈ F}. It is clear, by the definition of ∼, that if F ∼ G then both F
and G display the same complete A-partite quartet system. An A-cut family F is said to be
laminarizable if there is a laminar family L with F ∼ L.
By the above argument, Quartet Compatibility for a complete A-partite quartet system
Q can be divided into the following two subproblems:
Displaying
Given: A complete A-partite quartet system Q.
Problem: Either detect the incompatibility of Q, or obtain some A-cut family F displaying Q.
In addition, if Q is compatible, then F should be laminarizable.
Laminarization
Given: An A-cut family F .
Problem: Determine whether F is laminarizable or not. If F is laminarizable, obtain a laminar
A-cut family L with L ∼ F .
Here, in Laminarization, we assume that no distinct X,Y with X ∼ Y are contained in F ,
i.e., |F| = |F/∼|.
Quartet Compatibility for complete multipartite quartet systems can be solved as follows.
• Suppose that Q is compatible. First, by solving Displaying, we obtain a laminarizable A-
cut family F displaying Q. Then, by solving Laminarization for F , we obtain a laminar
A-cut family L with L ∼ F . Since L ∼ F , L also displays Q.
• Suppose that Q is not compatible. By solving Displaying, we can detect the incompatibil-
ity ofQ or we obtain some A-cut family F displayingQ. In the former case, we are done. In
the latter case, by solving Laminarization for F , we can detect the non-laminarizability
of F , which implies the incompatibility of Q.
Example 2.2. Let A := {{a, b, c}, {d, e}, {f, g}, {h, i}}. We illustrate how to solve Quartet
Compatibility for a complete A-partite quartet system Q := ⋃1≤i<j≤4Qij , where
Q12 := {ab|de, ad||ce, bd||ce}, Q13 := {ag||bf, ag||cf, bg||cf},
Q14 := {ab|hi, ac|hi, bc|hi}, Q23 := {dg||ef},
Q24 := {di||eh}, Q34 := {fi||gh};
see also Figure 3.
We first solveDisplaying forQ, and obtain anA-cut family F := {{a, b, d, g}, {a, g}, {d, i}, {g, h}}
that displays Q. Note that F is not laminar. Then, by solving Laminarization for F , we obtain
a laminar A-cut family L := {{a, b, d, g}, {a, g}, {a, b, c, d, f, g, i}, {f, i}} with L ∼ F . Indeed, it
holds that {d, i} ∼ {a, b, c, d, f, g, i} and {g, h} ∼ {e, i}. This implies that Q is compatible and
is displayed by the phylogenetic tree corresponding to L. 
In [11], the authors presented an O(n4)-time algorithm for Laminarization.
Theorem 2.3 ([11]). Laminarization can be solved in O(n4) time.
In Section 2.3, we give an O(rn4)-time algorithm for Displaying (Theorem 2.11). Thus, by
Theorems 2.3 and 2.11, we obtain Theorem 1.1 for complete A-partite quartet systems.
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<latexit sha1_base 64="iUbayW8Z2JtgTzzDLcVzJPo/95c=">A AACZHichVHLSsNAFD2Nr1qrrRZBEKRYKq7K pAiKq4Ibl33YB9RSkjitoWkSkrRQiz+gW8W FKwUR8TPc+AMu+gOCuKzgxoW3aUC0qHeYmT Nn7rlzZkY2NdV2GOv5hLHxickp/3RgJjg7F wrPLxRso2UpPK8YmmGVZMnmmqrzvKM6Gi+ ZFpeassaLcmNnsF9sc8tWDX3P6Zi80pTqul pTFckhKlOvhmMswdyIjgLRAzF4kTbCt9jHA QwoaKEJDh0OYQ0SbGpliGAwiaugS5xFSHX3 OY4RIG2LsjhlSMQ2aKzTquyxOq0HNW1XrdA pGnWLlFHE2RO7Y332yO7ZC/v4tVbXrTHw0q FZHmq5WQ2dLOXe/1U1aXZw+KX607ODGrZcr yp5N11mcAtlqG8fXfRz29l4d41ds1fyf8V6 7IFuoLfflJsMz14iQB8g/nzuUVBIJkTCmY1 YKul9hR/LWMU6vfcmUthFGnk6l+MUZzj3PQ tBISIsDlMFn6eJ4FsIK5/PfonX</latexit ><latexit sha1_base 64="iUbayW8Z2JtgTzzDLcVzJPo/95c=">A AACZHichVHLSsNAFD2Nr1qrrRZBEKRYKq7K pAiKq4Ibl33YB9RSkjitoWkSkrRQiz+gW8W FKwUR8TPc+AMu+gOCuKzgxoW3aUC0qHeYmT Nn7rlzZkY2NdV2GOv5hLHxickp/3RgJjg7F wrPLxRso2UpPK8YmmGVZMnmmqrzvKM6Gi+ ZFpeassaLcmNnsF9sc8tWDX3P6Zi80pTqul pTFckhKlOvhmMswdyIjgLRAzF4kTbCt9jHA QwoaKEJDh0OYQ0SbGpliGAwiaugS5xFSHX3 OY4RIG2LsjhlSMQ2aKzTquyxOq0HNW1XrdA pGnWLlFHE2RO7Y332yO7ZC/v4tVbXrTHw0q FZHmq5WQ2dLOXe/1U1aXZw+KX607ODGrZcr yp5N11mcAtlqG8fXfRz29l4d41ds1fyf8V6 7IFuoLfflJsMz14iQB8g/nzuUVBIJkTCmY1 YKul9hR/LWMU6vfcmUthFGnk6l+MUZzj3PQ tBISIsDlMFn6eJ4FsIK5/PfonX</latexit ><latexit sha1_base 64="iUbayW8Z2JtgTzzDLcVzJPo/95c=">A AACZHichVHLSsNAFD2Nr1qrrRZBEKRYKq7K pAiKq4Ibl33YB9RSkjitoWkSkrRQiz+gW8W FKwUR8TPc+AMu+gOCuKzgxoW3aUC0qHeYmT Nn7rlzZkY2NdV2GOv5hLHxickp/3RgJjg7F wrPLxRso2UpPK8YmmGVZMnmmqrzvKM6Gi+ ZFpeassaLcmNnsF9sc8tWDX3P6Zi80pTqul pTFckhKlOvhmMswdyIjgLRAzF4kTbCt9jHA QwoaKEJDh0OYQ0SbGpliGAwiaugS5xFSHX3 OY4RIG2LsjhlSMQ2aKzTquyxOq0HNW1XrdA pGnWLlFHE2RO7Y332yO7ZC/v4tVbXrTHw0q FZHmq5WQ2dLOXe/1U1aXZw+KX607ODGrZcr yp5N11mcAtlqG8fXfRz29l4d41ds1fyf8V6 7IFuoLfflJsMz14iQB8g/nzuUVBIJkTCmY1 YKul9hR/LWMU6vfcmUthFGnk6l+MUZzj3PQ tBISIsDlMFn6eJ4FsIK5/PfonX</latexit ><latexit sha1_base 64="iUbayW8Z2JtgTzzDLcVzJPo/95c=">A AACZHichVHLSsNAFD2Nr1qrrRZBEKRYKq7K pAiKq4Ibl33YB9RSkjitoWkSkrRQiz+gW8W FKwUR8TPc+AMu+gOCuKzgxoW3aUC0qHeYmT Nn7rlzZkY2NdV2GOv5hLHxickp/3RgJjg7F wrPLxRso2UpPK8YmmGVZMnmmqrzvKM6Gi+ ZFpeassaLcmNnsF9sc8tWDX3P6Zi80pTqul pTFckhKlOvhmMswdyIjgLRAzF4kTbCt9jHA QwoaKEJDh0OYQ0SbGpliGAwiaugS5xFSHX3 OY4RIG2LsjhlSMQ2aKzTquyxOq0HNW1XrdA pGnWLlFHE2RO7Y332yO7ZC/v4tVbXrTHw0q FZHmq5WQ2dLOXe/1U1aXZw+KX607ODGrZcr yp5N11mcAtlqG8fXfRz29l4d41ds1fyf8V6 7IFuoLfflJsMz14iQB8g/nzuUVBIJkTCmY1 YKul9hR/LWMU6vfcmUthFGnk6l+MUZzj3PQ tBISIsDlMFn6eJ4FsIK5/PfonX</latexit >
h
<latexit sha1_base 64="foZkFMlDf5CkzBOSU1Mdygt1/Lw=">A AACZHichVFNSwJBGH7cvswsLQmCICQxOsUo QdFJ6NLRj/wAE9ndRl3cL3ZXwaQ/UNeiQ6e CiOhndOkPdPAPBNHRoEuHXteFKKneYWaeee Z93nlmRjJVxXYY6/mEsfGJySn/dGAmODsXC s8vFGyjZck8LxuqYZUk0eaqovO8ozgqL5k WFzVJ5UWpuTvYL7a5ZSuGvu90TF7RxLqu1B RZdIjKNKrhGNtgbkRHQcIDMXiRNsK3OMAhD MhoQQOHDoewChE2tTISYDCJq6BLnEVIcfc5 jhEgbYuyOGWIxDZprNOq7LE6rQc1bVct0yk qdYuUUcTZE7tjffbI7tkL+/i1VtetMfDSoV kaarlZDZ0s5d7/VWk0O2h8qf707KCGbderQ t5NlxncQh7q20cX/dxONt5dY9fslfxfsR57 oBvo7Tf5JsOzlwjQByR+PvcoKCQ3EoQzm7F U0vsKP5axinV67y2ksIc08nQuxynOcO57Fo JCRFgcpgo+TxPBtxBWPgHRfonY</latexit ><latexit sha1_base 64="foZkFMlDf5CkzBOSU1Mdygt1/Lw=">A AACZHichVFNSwJBGH7cvswsLQmCICQxOsUo QdFJ6NLRj/wAE9ndRl3cL3ZXwaQ/UNeiQ6e CiOhndOkPdPAPBNHRoEuHXteFKKneYWaeee Z93nlmRjJVxXYY6/mEsfGJySn/dGAmODsXC s8vFGyjZck8LxuqYZUk0eaqovO8ozgqL5k WFzVJ5UWpuTvYL7a5ZSuGvu90TF7RxLqu1B RZdIjKNKrhGNtgbkRHQcIDMXiRNsK3OMAhD MhoQQOHDoewChE2tTISYDCJq6BLnEVIcfc5 jhEgbYuyOGWIxDZprNOq7LE6rQc1bVct0yk qdYuUUcTZE7tjffbI7tkL+/i1VtetMfDSoV kaarlZDZ0s5d7/VWk0O2h8qf707KCGbderQ t5NlxncQh7q20cX/dxONt5dY9fslfxfsR57 oBvo7Tf5JsOzlwjQByR+PvcoKCQ3EoQzm7F U0vsKP5axinV67y2ksIc08nQuxynOcO57Fo JCRFgcpgo+TxPBtxBWPgHRfonY</latexit ><latexit sha1_base 64="foZkFMlDf5CkzBOSU1Mdygt1/Lw=">A AACZHichVFNSwJBGH7cvswsLQmCICQxOsUo QdFJ6NLRj/wAE9ndRl3cL3ZXwaQ/UNeiQ6e CiOhndOkPdPAPBNHRoEuHXteFKKneYWaeee Z93nlmRjJVxXYY6/mEsfGJySn/dGAmODsXC s8vFGyjZck8LxuqYZUk0eaqovO8ozgqL5k WFzVJ5UWpuTvYL7a5ZSuGvu90TF7RxLqu1B RZdIjKNKrhGNtgbkRHQcIDMXiRNsK3OMAhD MhoQQOHDoewChE2tTISYDCJq6BLnEVIcfc5 jhEgbYuyOGWIxDZprNOq7LE6rQc1bVct0yk qdYuUUcTZE7tjffbI7tkL+/i1VtetMfDSoV kaarlZDZ0s5d7/VWk0O2h8qf707KCGbderQ t5NlxncQh7q20cX/dxONt5dY9fslfxfsR57 oBvo7Tf5JsOzlwjQByR+PvcoKCQ3EoQzm7F U0vsKP5axinV67y2ksIc08nQuxynOcO57Fo JCRFgcpgo+TxPBtxBWPgHRfonY</latexit ><latexit sha1_base 64="foZkFMlDf5CkzBOSU1Mdygt1/Lw=">A AACZHichVFNSwJBGH7cvswsLQmCICQxOsUo QdFJ6NLRj/wAE9ndRl3cL3ZXwaQ/UNeiQ6e CiOhndOkPdPAPBNHRoEuHXteFKKneYWaeee Z93nlmRjJVxXYY6/mEsfGJySn/dGAmODsXC s8vFGyjZck8LxuqYZUk0eaqovO8ozgqL5k WFzVJ5UWpuTvYL7a5ZSuGvu90TF7RxLqu1B RZdIjKNKrhGNtgbkRHQcIDMXiRNsK3OMAhD MhoQQOHDoewChE2tTISYDCJq6BLnEVIcfc5 jhEgbYuyOGWIxDZprNOq7LE6rQc1bVct0yk qdYuUUcTZE7tjffbI7tkL+/i1VtetMfDSoV kaarlZDZ0s5d7/VWk0O2h8qf707KCGbderQ t5NlxncQh7q20cX/dxONt5dY9fslfxfsR57 oBvo7Tf5JsOzlwjQByR+PvcoKCQ3EoQzm7F U0vsKP5axinV67y2ksIc08nQuxynOcO57Fo JCRFgcpgo+TxPBtxBWPgHRfonY</latexit >
i
<latexit sha1_base64="gSw56 lIQhIo86/04+MYesL pvCjI=">AAACZHichV FNSwJBGH7cvs3SkiA IQhKjk4wSFJ2ELh3V8 gNMZHcbbXC/2F2Fkv 5AXYsOnQoiop/RpT/ QoT8QREeDLh16XReip HqHmXnmmfd555kZxd KE4zL2FJCGhkdGx8Yn gpOhqelwZGa26JgtW +UF1dRMu6zIDteEwQu ucDVetmwu64rGS0pz s7dfanPbEaax4x5YvK rLDUPUhSq7ROVELRJ nSeZFbBCkfBCHH1kz coNd7MGEihZ0cBhwCW uQ4VCrIAUGi7gqOsT ZhIS3z3GEIGlblMUpQ ya2SWODVhWfNWjdq+ l4apVO0ajbpIwhwR7Z LeuyB3bHXtjHr7U6X o2elwOalb6WW7Xw8fz 2+78qnWYX+1+qPz27 qGPd8yrIu+UxvVuofX 378Ly7vZFPdJbZFXs l/5fsid3TDYz2m3qd 4/kLBOkDUj+fexAU08 kU4dxqPJP2v2IcC1j CCr33GjLYQhYFOpfjB Kc4CzxLISkqzfVTpY CvieJbSIuf036J2Q== </latexit><latexit sha1_base64="gSw56 lIQhIo86/04+MYesL pvCjI=">AAACZHichV FNSwJBGH7cvs3SkiA IQhKjk4wSFJ2ELh3V8 gNMZHcbbXC/2F2Fkv 5AXYsOnQoiop/RpT/ QoT8QREeDLh16XReip HqHmXnmmfd555kZxd KE4zL2FJCGhkdGx8Yn gpOhqelwZGa26JgtW +UF1dRMu6zIDteEwQu ucDVetmwu64rGS0pz s7dfanPbEaax4x5YvK rLDUPUhSq7ROVELRJ nSeZFbBCkfBCHH1kz coNd7MGEihZ0cBhwCW uQ4VCrIAUGi7gqOsT ZhIS3z3GEIGlblMUpQ ya2SWODVhWfNWjdq+ l4apVO0ajbpIwhwR7Z LeuyB3bHXtjHr7U6X o2elwOalb6WW7Xw8fz 2+78qnWYX+1+qPz27 qGPd8yrIu+UxvVuofX 378Ly7vZFPdJbZFXs l/5fsid3TDYz2m3qd 4/kLBOkDUj+fexAU08 kU4dxqPJP2v2IcC1j CCr33GjLYQhYFOpfjB Kc4CzxLISkqzfVTpY CvieJbSIuf036J2Q== </latexit><latexit sha1_base64="gSw56 lIQhIo86/04+MYesL pvCjI=">AAACZHichV FNSwJBGH7cvs3SkiA IQhKjk4wSFJ2ELh3V8 gNMZHcbbXC/2F2Fkv 5AXYsOnQoiop/RpT/ QoT8QREeDLh16XReip HqHmXnmmfd555kZxd KE4zL2FJCGhkdGx8Yn gpOhqelwZGa26JgtW +UF1dRMu6zIDteEwQu ucDVetmwu64rGS0pz s7dfanPbEaax4x5YvK rLDUPUhSq7ROVELRJ nSeZFbBCkfBCHH1kz coNd7MGEihZ0cBhwCW uQ4VCrIAUGi7gqOsT ZhIS3z3GEIGlblMUpQ ya2SWODVhWfNWjdq+ l4apVO0ajbpIwhwR7Z LeuyB3bHXtjHr7U6X o2elwOalb6WW7Xw8fz 2+78qnWYX+1+qPz27 qGPd8yrIu+UxvVuofX 378Ly7vZFPdJbZFXs l/5fsid3TDYz2m3qd 4/kLBOkDUj+fexAU08 kU4dxqPJP2v2IcC1j CCr33GjLYQhYFOpfjB Kc4CzxLISkqzfVTpY CvieJbSIuf036J2Q== </latexit><latexit sha1_base64="gSw56 lIQhIo86/04+MYesL pvCjI=">AAACZHichV FNSwJBGH7cvs3SkiA IQhKjk4wSFJ2ELh3V8 gNMZHcbbXC/2F2Fkv 5AXYsOnQoiop/RpT/ QoT8QREeDLh16XReip HqHmXnmmfd555kZxd KE4zL2FJCGhkdGx8Yn gpOhqelwZGa26JgtW +UF1dRMu6zIDteEwQu ucDVetmwu64rGS0pz s7dfanPbEaax4x5YvK rLDUPUhSq7ROVELRJ nSeZFbBCkfBCHH1kz coNd7MGEihZ0cBhwCW uQ4VCrIAUGi7gqOsT ZhIS3z3GEIGlblMUpQ ya2SWODVhWfNWjdq+ l4apVO0ajbpIwhwR7Z LeuyB3bHXtjHr7U6X o2elwOalb6WW7Xw8fz 2+78qnWYX+1+qPz27 qGPd8yrIu+UxvVuofX 378Ly7vZFPdJbZFXs l/5fsid3TDYz2m3qd 4/kLBOkDUj+fexAU08 kU4dxqPJP2v2IcC1j CCr33GjLYQhYFOpfjB Kc4CzxLISkqzfVTpY CvieJbSIuf036J2Q== </latexit>
Laminarization
<latexit sha1_base 64="Hx/uk51fXpBS2O+2qb3krZpiOe8=">A AACgnichVG7SgNBFD2u7/hatRFECIaIWIRZ FRSxEGwsLHxFhSSE3XWig/tidxLUJZWdP2B hpSAidvoJNv6AhZ8glgo2Ft5sFkSDepedOX PuPXfOzBieJQLJ2FOT0tzS2tbe0Zno6u7p7 VP7BzYDt+ybPGu6lutvG3rALeHwrBTS4tu ez3XbsPiWsb9Yy29VuB8I19mQhx4v2PquI0 rC1CVRRXUkL/mB9O0wzAdmclm3haP74ijKV qtFNcUyLIpkI9BikEIcK656hTx24MJEGTY4 HEjCFnQE9OWggcEjroCQOJ+QiPIcVSRIW6Y qThU6sfs07tIqF7MOrWs9g0ht0i4W/T4pk0 izR3bNXtkDu2HP7OPXXmHUo+blkGajruVes e9kaP39X5VNs8Tel+pPzxIlzEZeBXn3IqZ2 CrOurxydvq7PraXDMXbBXsj/OXti93QCp/J mXq7ytTMk6AG0n9fdCDYnMxrh1enUwnT8FB 0YxijG6b5nsIAlrCBL+x7jGre4U1qUCUVTp uqlSlOsGcS3UOY/ASzzlcA=</latexit><latexit sha1_base 64="Hx/uk51fXpBS2O+2qb3krZpiOe8=">A AACgnichVG7SgNBFD2u7/hatRFECIaIWIRZ FRSxEGwsLHxFhSSE3XWig/tidxLUJZWdP2B hpSAidvoJNv6AhZ8glgo2Ft5sFkSDepedOX PuPXfOzBieJQLJ2FOT0tzS2tbe0Zno6u7p7 VP7BzYDt+ybPGu6lutvG3rALeHwrBTS4tu ez3XbsPiWsb9Yy29VuB8I19mQhx4v2PquI0 rC1CVRRXUkL/mB9O0wzAdmclm3haP74ijKV qtFNcUyLIpkI9BikEIcK656hTx24MJEGTY4 HEjCFnQE9OWggcEjroCQOJ+QiPIcVSRIW6Y qThU6sfs07tIqF7MOrWs9g0ht0i4W/T4pk0 izR3bNXtkDu2HP7OPXXmHUo+blkGajruVes e9kaP39X5VNs8Tel+pPzxIlzEZeBXn3IqZ2 CrOurxydvq7PraXDMXbBXsj/OXti93QCp/J mXq7ytTMk6AG0n9fdCDYnMxrh1enUwnT8FB 0YxijG6b5nsIAlrCBL+x7jGre4U1qUCUVTp uqlSlOsGcS3UOY/ASzzlcA=</latexit><latexit sha1_base 64="Hx/uk51fXpBS2O+2qb3krZpiOe8=">A AACgnichVG7SgNBFD2u7/hatRFECIaIWIRZ FRSxEGwsLHxFhSSE3XWig/tidxLUJZWdP2B hpSAidvoJNv6AhZ8glgo2Ft5sFkSDepedOX PuPXfOzBieJQLJ2FOT0tzS2tbe0Zno6u7p7 VP7BzYDt+ybPGu6lutvG3rALeHwrBTS4tu ez3XbsPiWsb9Yy29VuB8I19mQhx4v2PquI0 rC1CVRRXUkL/mB9O0wzAdmclm3haP74ijKV qtFNcUyLIpkI9BikEIcK656hTx24MJEGTY4 HEjCFnQE9OWggcEjroCQOJ+QiPIcVSRIW6Y qThU6sfs07tIqF7MOrWs9g0ht0i4W/T4pk0 izR3bNXtkDu2HP7OPXXmHUo+blkGajruVes e9kaP39X5VNs8Tel+pPzxIlzEZeBXn3IqZ2 CrOurxydvq7PraXDMXbBXsj/OXti93QCp/J mXq7ytTMk6AG0n9fdCDYnMxrh1enUwnT8FB 0YxijG6b5nsIAlrCBL+x7jGre4U1qUCUVTp uqlSlOsGcS3UOY/ASzzlcA=</latexit><latexit sha1_base 64="Hx/uk51fXpBS2O+2qb3krZpiOe8=">A AACgnichVG7SgNBFD2u7/hatRFECIaIWIRZ FRSxEGwsLHxFhSSE3XWig/tidxLUJZWdP2B hpSAidvoJNv6AhZ8glgo2Ft5sFkSDepedOX PuPXfOzBieJQLJ2FOT0tzS2tbe0Zno6u7p7 VP7BzYDt+ybPGu6lutvG3rALeHwrBTS4tu ez3XbsPiWsb9Yy29VuB8I19mQhx4v2PquI0 rC1CVRRXUkL/mB9O0wzAdmclm3haP74ijKV qtFNcUyLIpkI9BikEIcK656hTx24MJEGTY4 HEjCFnQE9OWggcEjroCQOJ+QiPIcVSRIW6Y qThU6sfs07tIqF7MOrWs9g0ht0i4W/T4pk0 izR3bNXtkDu2HP7OPXXmHUo+blkGajruVes e9kaP39X5VNs8Tel+pPzxIlzEZeBXn3IqZ2 CrOurxydvq7PraXDMXbBXsj/OXti93QCp/J mXq7ytTMk6AG0n9fdCDYnMxrh1enUwnT8FB 0YxijG6b5nsIAlrCBL+x7jGre4U1qUCUVTp uqlSlOsGcS3UOY/ASzzlcA=</latexit>
Displaying
<latexit sha1_base 64="hvuRE0SAu05r9bdy5dQW1LyXYck=">A AACfnichVHLSgMxFD2O7/po1Y3iplgUN9aM CIqrgi5c1kdbwUqZGdManBczabEOxb0/4MK VgogI+hFu/AEXfoK4VHDjwtvpgKioNyQ5Ob nn5iTRXVP4krHHNqW9o7Oru6c31tc/MBhPD A3nfafqGTxnOKbjbemaz01h85wU0uRbrsc 1Szd5Qd9fbu4XatzzhWNvyrrLdyytYouyMD RJVCkxVpT8QHpWEBR9I7kifNfU6sKuNBqlR IqlWRjJn0CNQApRZJ3EJYrYhQMDVVjgsCEJ m9DgU9uGCgaXuB0ExHmERLjP0UCMtFXK4pS hEbtPY4VW2xFr07pZ0w/VBp1iUvdImcQke2 BX7IXds2v2xN5/rRWENZpe6jTrLS13S/Hj0 Y23f1UWzRJ7n6o/PUuUsRh6FeTdDZnmLYyW vnZ48rKxtD4ZTLFz9kz+z9gju6Mb2LVX42K Nr58iRh+gfn/unyA/l1YJr82nMvPRV/RgHB OYpvdeQAaryCJH5x7hAje4VaBMKTPKbCtVa Ys0I/gSyuIHDwGT6g==</latexit><latexit sha1_base 64="hvuRE0SAu05r9bdy5dQW1LyXYck=">A AACfnichVHLSgMxFD2O7/po1Y3iplgUN9aM CIqrgi5c1kdbwUqZGdManBczabEOxb0/4MK VgogI+hFu/AEXfoK4VHDjwtvpgKioNyQ5Ob nn5iTRXVP4krHHNqW9o7Oru6c31tc/MBhPD A3nfafqGTxnOKbjbemaz01h85wU0uRbrsc 1Szd5Qd9fbu4XatzzhWNvyrrLdyytYouyMD RJVCkxVpT8QHpWEBR9I7kifNfU6sKuNBqlR IqlWRjJn0CNQApRZJ3EJYrYhQMDVVjgsCEJ m9DgU9uGCgaXuB0ExHmERLjP0UCMtFXK4pS hEbtPY4VW2xFr07pZ0w/VBp1iUvdImcQke2 BX7IXds2v2xN5/rRWENZpe6jTrLS13S/Hj0 Y23f1UWzRJ7n6o/PUuUsRh6FeTdDZnmLYyW vnZ48rKxtD4ZTLFz9kz+z9gju6Mb2LVX42K Nr58iRh+gfn/unyA/l1YJr82nMvPRV/RgHB OYpvdeQAaryCJH5x7hAje4VaBMKTPKbCtVa Ys0I/gSyuIHDwGT6g==</latexit><latexit sha1_base 64="hvuRE0SAu05r9bdy5dQW1LyXYck=">A AACfnichVHLSgMxFD2O7/po1Y3iplgUN9aM CIqrgi5c1kdbwUqZGdManBczabEOxb0/4MK VgogI+hFu/AEXfoK4VHDjwtvpgKioNyQ5Ob nn5iTRXVP4krHHNqW9o7Oru6c31tc/MBhPD A3nfafqGTxnOKbjbemaz01h85wU0uRbrsc 1Szd5Qd9fbu4XatzzhWNvyrrLdyytYouyMD RJVCkxVpT8QHpWEBR9I7kifNfU6sKuNBqlR IqlWRjJn0CNQApRZJ3EJYrYhQMDVVjgsCEJ m9DgU9uGCgaXuB0ExHmERLjP0UCMtFXK4pS hEbtPY4VW2xFr07pZ0w/VBp1iUvdImcQke2 BX7IXds2v2xN5/rRWENZpe6jTrLS13S/Hj0 Y23f1UWzRJ7n6o/PUuUsRh6FeTdDZnmLYyW vnZ48rKxtD4ZTLFz9kz+z9gju6Mb2LVX42K Nr58iRh+gfn/unyA/l1YJr82nMvPRV/RgHB OYpvdeQAaryCJH5x7hAje4VaBMKTPKbCtVa Ys0I/gSyuIHDwGT6g==</latexit><latexit sha1_base 64="hvuRE0SAu05r9bdy5dQW1LyXYck=">A AACfnichVHLSgMxFD2O7/po1Y3iplgUN9aM CIqrgi5c1kdbwUqZGdManBczabEOxb0/4MK VgogI+hFu/AEXfoK4VHDjwtvpgKioNyQ5Ob nn5iTRXVP4krHHNqW9o7Oru6c31tc/MBhPD A3nfafqGTxnOKbjbemaz01h85wU0uRbrsc 1Szd5Qd9fbu4XatzzhWNvyrrLdyytYouyMD RJVCkxVpT8QHpWEBR9I7kifNfU6sKuNBqlR IqlWRjJn0CNQApRZJ3EJYrYhQMDVVjgsCEJ m9DgU9uGCgaXuB0ExHmERLjP0UCMtFXK4pS hEbtPY4VW2xFr07pZ0w/VBp1iUvdImcQke2 BX7IXds2v2xN5/rRWENZpe6jTrLS13S/Hj0 Y23f1UWzRJ7n6o/PUuUsRh6FeTdDZnmLYyW vnZ48rKxtD4ZTLFz9kz+z9gju6Mb2LVX42K Nr58iRh+gfn/unyA/l1YJr82nMvPRV/RgHB OYpvdeQAaryCJH5x7hAje4VaBMKTPKbCtVa Ys0I/gSyuIHDwGT6g==</latexit>
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Figure 3: The outline of our algorithm for reconstructing a phylogenetic tree from a complete
A-partite system Q defined in Example 2.2.
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2.2 Algorithm for complete bipartite quartet system
We first construct a polynomial time algorithm for Quartet Compatibility for complete
bipartite quartet systems. In the following, A is a bipartition of [n] represented as {A,B} with
min{|A|, |B|} ≥ 2. In this case, we can see that X is an A-cut if and only if ∅ 6= X ∩A 6= A and
∅ 6= X ∩B 6= B, and that X ∼ Y if and only if X = Y or X = [n] \ Y .
For a compatible bipartite quartet system Q, there is a laminar A-cut family F displaying
Q such that there is no X ∈ F with given a ∈ X. The following proposition implies that such
F is unique.
Proposition 2.4. Suppose that a complete bipartite quartet system Q is compatible. Then a
laminarizable A-cut family F displaying Q is uniquely determined up to ∼.
Proof. Let F and F ′ be laminar A-cut families with F 6∼ F ′, and Q and Q′ be the complete
bipartite quartet systems displayed by F and F ′, respectively. It suffices to show Q 6= Q′. If
F = ∅ or F ′ = ∅, then obviouslyQ 6= Q′. Hence, in the following, we can assume that F 6= ∅ 6= F ′
and some Z ∈ F satisfies Z 6∼ X ′ for all X ′ ∈ F ′.
Let a ∈ Z ∩ A and b ∈ Z ∩ B be elements in [n] such that Z is the minimal member in F
containing a and b. Suppose that, for all X ′ ∈ F ′, we have a ∈ X ′ 63 b or a 6∈ X ′ 3 b. Then, for
a′ ∈ A \ Z and b′ ∈ B \ Z, it holds that Q 3 ab||a′b′ 6∈ Q′, as required. Hence, without loss of
generality, we can assume that there is a member in F ′ containing both a and b. Let Z ′ be the
minimal member in F ′ containing a and b; such Z ′ is uniquely determined by the laminarity.
Then following holds.
Claim. For a′ ∈ A and b′ ∈ B, it holds ab||a′b′ 6∈ Q′ if exactly one of a′ and b′ belongs to Z ′.
Proof of Claim. If ab||a′b′ ∈ Q′ for some a′ ∈ Z ′ ∩A and b′ ∈ B \ Z ′, then there is X ′ ∈ F ′ such
that a, b ∈ X ′ 63 a′, b′ or a, b 6∈ X ′ 3 a′, b′. The former case contradicts the minimality of Z ′, and
the latter case contradicts the laminarity of F ′. 
In the following, we show that there is a quartet tree ab||a′b′ in the symmetric difference
between Q and Q′ for each of the four cases of the pair (Z,Z ′).
(i) Z ⊆ Z ′. Without loss of generality, we assume (Z ′ \ Z) ∩ A 6= ∅. For a′ ∈ (Z ′ \ Z) ∩ A
and b′ ∈ B \ Z ′, it holds that Q 3 ab||a′b′ 6∈ Q′ by Claim, as required.
(ii) Z ⊇ Z ′. We have Z ′ 6∈ F by the minimality of Z and [n] \ Z ′ 6∈ F by the laminarity of
F . Hence Z ′ satisfies Z ′ 6∼ X for all X ∈ F . By changing the role of Z and Z ′, reducing to (i).
(iii) Z 6⊆ Z ′, Z 6⊇ Z ′, and Z ∪Z ′ 6= [n]. We can take a pair (a′, b′) such that [a′ ∈ A∩ (Z ′ \Z)
and b′ ∈ B \ (Z ∪ Z ′)] or [a′ ∈ A \ (Z ∪ Z ′) and b′ ∈ B ∩ (Z ′ \ Z)]. Indeed, suppose that
A ∩ (Z ′ \ Z) = ∅ or B ⊆ Z ∪ Z ′. Then A \ (Z ∪ Z ′) 6= ∅ and B ∩ (Z ′ \ Z) 6= ∅ hold. For such a
pair (a′, b′), it holds that Q 3 ab||a′b′ 6∈ Q′ by Claim, as required.
(iv) Z 6⊆ Z ′, Z 6⊇ Z ′, and Z ∪ Z ′ = [n]. By replacing X with [n] \X in F appropriately, we
can redefine F as a laminar family containing [n]\Z. Retake a ∈ ([n]\Z)∩A and b ∈ ([n]\Z)∩B
as elements such that [n] \ Z is a minimal subset of [n] in F containing a and b. Let Z ′′ be a
minimal element in F ′ containing the new a and b. Since Z ′ ⊇ [n] \ Z and Z ′ ⊇ Z ′′, we have
([n] \ Z) ∪ Z ′′ 6= [n]. Thus (iv) can reduce to (i), (ii), or (iii) for the pair ([n] \ Z,Z ′′). 
2.2.1 Case of |A| = 2 or |B| = 2
We consider the case of |A| = 2 or |B| = 2. Without loss of generality, we assume A = {a0, a}
with a0 6= a. In the following, we abbreviate {a0, a} as a0a. For F ⊆ 2[n] and X ⊆ [n], we denote
{F ∪X | F ∈ F} by F unionsqX. For C ⊆ A and D ⊆ B, we denote by QC,D the set of quartet trees
for c, c′ ∈ C and d, d′ ∈ D in Q.
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We first explain the idea behind our algorithm (Algorithm 1). Assume that a complete
{a0a,B}-partite quartet system Q is compatible. By Proposition 2.4, there uniquely exists a
laminar {a0a,B}-cut family F displaying Q such that no X ∈ F contains a0. This implies that
all X ∈ F contains a since F is an {a0a,B}-cut family. Hence, by the laminarity, F is a chain
{B1, B2, . . . , Bm} unionsq {a} with ∅ =: B0 ( B1 ( B2 ( · · · ( Bm ( Bm+1 := B.
Choose an arbitrary b ∈ B. Consider the index k ∈ [m+ 1] such that b ∈ Bk and b 6∈ Bk−1.
Partition B into three sets B− := Bk−1, B= := Bk \Bk−1, and B+ := B \Bk. The tripartition
{B−, B=, B+} can be determined by checking quartets inQ having leaves a0, a, b, where recall (1)
for the definition of a complete bipartite system:
b′ ∈ B− ⇐⇒ a0b||ab′ ∈ Q, (2)
b′ ∈ B= ⇐⇒ b′ = b or a0a|bb′ ∈ Q, (3)
b′ ∈ B+ ⇐⇒ a0b′||ab ∈ Q. (4)
Observe that Qa0a,B− is displayed by F− := {B1, . . . , Bk−2}unionsq {a} and that Qa0a,B+ is displayed
by F+ := {Bk+1\Bk, . . . , Bm\Bk}unionsq{a}. After determiningB−, B=, B+, we can apply recursively
the same procedure to Qa0a,B− and Qa0a,B+ , and obtain F− and F+. Combining them with
Bk = B
= ∪B− and Bk−1 = B−, we obtain F = {B1, B2, . . . , Bm} unionsq {a} as required.
The formal description of Algorithm 1 is the following:
Algorithm 1 (for complete {a0a,B}-partite quartet system with pivot a):
Input: A complete {a0a,B}-partite quartet system Q.
Output: Either detect the incompatibility of Q, or obtain the (unique) laminar {a0a,B}-cut
family F displaying Q such that no X ∈ F contains a0.
Step 1: Define F := ∅. If Q = ∅, that is, |B| is at most one, then output F and stop.
Step 2: Choose an arbitrary b ∈ B. Define B−, B=, and B+ as (2), (3), and (4), respectively.
If B− 6= ∅, then update F ← F ∪ {B− ∪ a}. If B− ∪ B= 6= B, then update F ←
F ∪ {B− ∪B= ∪ a}.
Step 3: If Algorithm 1 for Qa0a,B+ with pivot a detects the incompatibility of Qa0a,B+ or Algo-
rithm 1 for Qa0a,B− with pivot a detects the incompatibility of Qa0a,B− , then output “Q is
not compatible” and stop. Otherwise, let F+ and F− be the output families of Algorithm 1
for Qa0a,B+ and for Qa0a,B− , respectively. Update
F ← F ∪ F− ∪ (F+ unionsq (B− ∪B=)) .
Step 4: If F displays Q, then output F . Otherwise, output “Q is not compatible.” 
Proposition 2.5. Algorithm 1 solves Quartet Compatibility for a complete {a0a,B}-partite
quartet system Q in O(|Q|) time.
Proof. (Validity). It suffices to show that if Q is compatible then Algorithm 1 outputs an laminar
A-cut family F displaying Q, and it follows from the argument before the formal description of
Algorithm 1.
(Complexity). We can easily see that, in Steps 2 and 3, Algorithm 1 checks a quartet tree
for a0, a1, b, b
′ at most one time for each distinct b, b′ ∈ B. It takes |Q| time to check whether F
displays Q in Step 4. Thus the running-time is O(|Q|). 
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2.2.2 General case
We consider general complete bipartite quartet systems; A is a bipartition {A,B} of [n]. As
in Section 2.2.1, we first explain the idea behind our algorithm (Algorithm 2). Assume that a
complete A-partite quartet system Q is compatible. By Proposition 2.4, there uniquely exists a
laminar A-cut family F displaying Q such that no X ∈ F contains a0.
Define Fa as the output of Algorithm 1 for Qa0a,B with pivot a. Since Qa0a,B is displayed by
{X ∩B | a ∈ X ∈ F} unionsq {a}, it holds that Fa = {X ∩B | a ∈ X ∈ F} unionsq {a} by Propositions 2.4
and 2.5. Define F∩B := {X∩B | X ∈ F}. It can be easily seen that F∩B = ⋃a∈A\{a0}{X∩B |
X ∈ Fa}. In the following, we consider to combine Fas appropriately.
Take any D ∈ F ∩ B, and define AD := {a ∈ A \ {a0} | {a} ∪D ∈ Fa}. By the laminarity
of F , AD ∪D is the unique maximal set X in F such that X ∩B = D. Hence we can construct
the set G := {AD ∪D | D ∈ F ∩B} ⊆ F from Fa (a ∈ A \ {a0}). Note that G is laminar.
All the left is to determine all nonmaximal sets X ∈ F with X ∩B = D for each D ∈ F ∩B.
Fix an arbitrary D ∈ F ∩B. Observe that, by the laminarity of F , the set {X ∈ F | X∩B = D}
is a chain {X1, X2, . . . , Xm} with X1 ( X2 ( · · · ( Xm = AD ∪ D. We are going to identify
this chain with the help of Algorithm 1. Let X− :=
⋃{X ′ ∈ G | X ′ ( AD ∪D}, and choose an
arbitrary b0 ∈ B \D and b ∈ D. Note that X1 ⊇ X− by the laminarity of F .
Consider that we apply Algorithm 1 to QAD\X−,b0b and obtain a chain H˜. If X1∩A ) X−∩A,
then H˜ forms of {(X1\X−)∩A, (X2\X−)∩A, . . . , (Xm\X−)∩A}unionsq{b0, b}. If X1∩A = X−∩A,
then H˜ forms of {(X2 \ X−) ∩ A, . . . , (Xm \ X−) ∩ A} unionsq {b0, b}. Therefore we need to detect
whether the minimal member in H˜ is ((X1 \X−)∩A)∪{b0, b} or ((X2 \X−)∩A)∪{b0, b}, which
can be done by constructing X1 individually as follows.
Pick any a ∈ X− ∩A and retake b from D \X ′ for maximal X ′ ∈ G with a ∈ X ′ ⊆ X−. For
a′ ∈ (Xm \ X−) ∩ A, it cannot happen that ab0||a′b ∈ Q since all X ∈ F containing a′, b also
contain a. Furthermore we can say that ab||a′b0 ∈ Q if and only if a′ 6∈ X1(3 a, b). This implies
that aa′|bb0 ∈ Q if and only if a′ belongs to X1. That is, it holds that
X1 ∩A = (X− ∩A) ∪ {a′ ∈ AD \X− | aa′|b0b ∈ Q}.
Thus, if there is a′ ∈ AD \ X− with aa′|b0b ∈ Q, then it holds X1 ∩ A ) X− ∩ A. Since
H˜ = {(X1\X−)∩A, (X2\X−)∩A, . . . , (Xm\X−)∩A}unionsq{b0, b}, we can construct {X1, X2, . . . , Xm}
from H˜. If there is no a′ ∈ AD \X− with aa′|b0b ∈ Q, then it holds X1 ∩ A = X− ∩ A. Since
H˜ = {(X2 \X−) ∩A, . . . , (Xm \X−) ∩A} unionsq {b0, b}, we can construct {X1, X2, . . . , Xm} from H˜
and X1 = X
− ∪D.
The formal description of Algorithm 2 is the following; note that, if F is laminar, then |F| is
at most 2n (see e.g., [15, Theorem 3.5]).
Algorithm 2 (for complete bipartite quartet system):
Input: A complete bipartite quartet system Q.
Output: Either detect the incompatibility of Q, or obtain a laminar A-cut family F displaying
Q.
Step 1: Fix an arbitrary a0 ∈ A. For each a ∈ A \ {a0}, we execute Algorithm 1 for Qa0a,B
with pivot a. If Algorithm 1 outputs “Qa0a,B is not compatible” for some a, then output
“Q is not compatible” and stop. Otherwise, obtain the output Fa for each a.
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Step 2: Let G := ∅. For each a ∈ A \ {a0}, update G as
G ← G \ {Y ∈ G | ∃X ∈ Fa such that X ∩B = Y ∩B}
∪ ({Y ∈ G | ∃X ∈ Fa such that X ∩B = Y ∩B} unionsq {a})
∪ {X ∈ Fa | @Y ∈ G such that X ∩B = Y ∩B}.
If |G| > 2n for some a, then output “Q is not compatible” and stop.
Step 3: If G is not laminar, then output “Q is not compatible” and stop. Otherwise, define
F := G. For each X ∈ G, do the following:
3-1: Let X− :=
⋃{X ′ ∈ G | X ′ ( X}, and choose an arbitrary b0 ∈ B \X and b ∈ X ∩B.
3-2: Execute Algorithm 1 forQ(X\X−)∩A,b0b with pivot b. If Algorithm 1 outputs “Q(X\X−)∩A,b0b
is not compatible,” then output “Q is not compatible” and stop. Otherwise, define
H := the output family of Algorithm 1 unionsq (X− ∪ (X ∩B)).
If X− 6= ∅, then go to Step 3-3. Otherwise, go to Step 3-4
3-3: Choose an arbitrary a ∈ X− ∩A and retake b from (X \X ′)∩B for maximal X ′ ∈ G
with a ∈ X ′ ⊆ X−. If there is no a′ ∈ (X \X−) ∩ A with aa′|b0b ∈ Q, then update
H ← H∪ {X− ∪ (X ∩B)}.
3-4: F ← F ∪H.
Step 4: If F displays Q, then output F . Otherwise, output “Q is not compatible.” 
Proposition 2.6. Algorithm 2 solves Quartet Compatibility for a complete bipartite quartet
system Q in O(|Q|) time.
Proof. (Validity). It suffices to show that if Q is compatible then Algorithm 2 outputs an laminar
A-cut family F displaying Q, and it follows from the argument before the formal description of
Algorithm 2.
(Complexity). We can easily see that, in Steps 1, 3-2, and 3-3, Algorithm 2 checks a quartet
tree for a, a′, b, b′ at most one time for each distinct a, a′ ∈ A and b, b′ ∈ B. Hence Steps 1, 3-2,
and 3-3 can be done in O(|Q|) time. In Step 2, the update takes O(|Fa|+ |G|) = O(n) time for
each a ∈ A \ {a0} since Fa is a chain. Hence Step 2 can be done in O(n2) time. Checking the
laminarity of G can be done in O(n2) time since |G| = O(n). For each X ∈ G, it takes O(n) time
to construct X−; Step 3-1 can be done in O(n2) time. Step 4 can be done in O(|Q|) time. Thus
the running-time of Algorithm 1 is O(|Q|+ n2) = O(|Q|) since |Q| = (|A|2 )(|B|2 ) = Ω(n2). 
2.3 Algorithm for complete multipartite quartet system
In this subsection, we present a polynomial time algorithm for complete multipartite quartet
systems. Let A := {A1, A2, . . . , Ar} be a partition of [n] with |Ai| ≥ 2 for all i ∈ [r]. We first
observe another characterization of the equivalence relation ∼. For X ⊆ [n], define
〈X〉 :=
⋃
{Ai ∈ A | ∅ 6= X ∩Ai 6= Ai}; (5)
recall that X is an A-cut if and only if 〈X〉 ⊇ Ai ∪ Aj for some distinct i, j ∈ [r]. One can see
that, for A-cuts X,Y , it holds that
X ∼ Y ⇐⇒ {〈X〉 ∩X, 〈X〉 \X} = {〈Y 〉 ∩ Y, 〈Y 〉 \ Y }. (6)
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We introduce further notations. For the analysis of the running-time of Algorithm 4, we as-
sume |A1| ≥ |A2| ≥ · · · ≥ |Ar|. For R ⊆ [r] with |R| ≥ 2, let AR := {Ai}i∈R and AR :=
⋃
i∈RAi.
For a complete A-partite quartet system Q = ⋃1≤i<j≤rQij , define QR := ⋃i,j∈R,i<j Qij . That
is, QR is the complete AR-partite quartet system included in Q. For an A-cut family F , define
FR := {X ∩ AR | X ∈ F such that X ∩ AR is an AR-cut}. Note that FR is an AR-cut family.
Then we can easily see the following lemma, which says that partial information FR of F can
be obtained from QR.
Lemma 2.7. Suppose R ⊆ [r] with |R| ≥ 2. If Q is displayed by F , then QR is displayed by FR.
Furthermore, if Q is compatible, then so is QR.
Our algorithm for Displaying is to construct an A[t]-cut family F (t) displaying Q[t] for
t = 2, 3, . . . , r in turn as follows.
• First we obtain an A12-cut family F (2) displaying Q12 by Algorithm 2.
• For t ≥ 2, we extend an A[t−1]-cut family F (t−1) displaying Q[t−1] to an A[t]-cut family
F (t) displaying Q[t] by Algorithm 3. In order to construct F (t) in Algorithm 3, we use an
Ait-cut family G(i) displaying Qit for all i ∈ [t−1]. These G(i) are obtained by Algorithm 2.
• We perform the above extension step from t = 3 to r, and then obtain a desired A-cut
family F := F (r). This is described in Algorithm 4.
For nonempty R ⊆ [r], we define ∼R for A-cuts by:
X ∼R Y ⇐⇒ {〈X〉R ∩X, 〈X〉R \X} = {〈Y 〉R ∩ Y, 〈Y 〉R \ Y },
where 〈X〉R := 〈X〉 ∩ AR and 〈Y 〉R := 〈Y 〉 ∩ AR. Note that R can be a singleton. We define
a partial order relation ≺ in A-cuts by: X ≺ Y if 〈X〉 ( 〈Y 〉 and {〈X〉 ∩ X, 〈X〉 \ X} =
{〈X〉 ∩ Y, 〈X〉 \ Y }. Define X  Y by X ≺ Y or X = Y . Note that, if {X} displays ab||a′b′ and
X  Y , then {Y } also displays ab||a′b′.
We describe the extension step for t = r, i.e., from F (r−1) to F (r). Algorithm 3 constructs
a minimal laminarizable family F (t) displaying Q[t] from a minimal laminarizable family F (t−1)
displaying Q[t−1]. It is noted that, if F is laminarizable and X 6∼ Y for all distinct X,Y ∈ F ,
then |F| is at most 2n = 2|A[r]|.
Algorithm 3 (for extending F ′ to F):
Input: A complete A-partite quartet system Q and an A[r−1]-cut family F ′ displaying Q[r−1],
where |F ′| ≤ 2|A[r−1]|.
Output: Either detect the incompatibility of Q, or obtain an A-cut family F displaying Q,
where |F| ≤ 2n = 2|A[r]|.
Step 1: For each i ∈ [r − 1], execute Algorithm 2 for Qir. If Algorithm 2 returns “Qir is not
compatible” for some i ∈ [r − 1], then output “Q is not compatible” and stop. Otherwise,
obtain G(i) for all i ∈ [r − 1]. Let F := ∅.
Step 2: If F ′ = ∅, update as F ← F ∪ ⋃i∈[r−1] G(i), and go to Step 3. Otherwise, do the
following: Take any X ′ ∈ F ′. Suppose 〈X ′〉 = AS for some S ⊆ [r− 1]. Let FX′ be the set
of maximal A-cuts Y with respect to ≺ satisfying the following:
• There are R ⊆ S and Xi ∈ G(i) for i ∈ R such that 〈Y 〉 = AR∪{r}, Y ∼R X ′, and
Y ∼ir Xi for all i ∈ R.
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Then update as F ← F ∪ {X ′} ∪ FX′ and F ′ ← F ′ \ {X ′}, and go to Step 2.
Step 3: Update as
F ← the set of maximal elements in F with respect to ≺.
If |F| ≤ 2n, then output F . Otherwise, output “Q is not compatible.” 
We show the correctness of Algorithm 3. We first introduce the following lemma that gives
a sufficient condition for the non-laminarizability of an A-cut family. For simplicity, we denote
X ∼{i} Y , X ∼{i,j} Y , and X ∼{i,j,k} Y by X ∼i Y , X ∼ij Y , and X ∼ijk Y , respectively.
Lemma 2.8. Suppose that X,Y, Z are A-cuts with 〈X〉 ⊇ Aij, 〈Y 〉 ⊇ Aik, and 〈Z〉 ⊇ Ajk for
some distinct i, j, k ∈ [r]. If there is an A-cut W such that X ∼ij W , Y ∼ik W , Z ∼jk W , and
X,Y, Z 6∼ijk W , then {X,Y, Z} is not laminarizable.
Proof. We show the contrapositive; suppose that {X,Y, Z} is laminarizable, where X ∼ij W ,
Y ∼ik W , Z ∼jk W , and Y, Z 6∼ijk W hold for some A-cut W and some distinct i, j, k ∈ [r]. We
prove X ∼ijk W .
By the laminarizability of {X,Y, Z}, there is a laminar A-cut family equivalent to {X,Y, Z}.
We also denote it by {X,Y, Z}, that is, {X,Y, Z} is laminar. Moreover, by X ∼ij W , Y ∼ik W ,
and Z ∼jk W , we can assume X ∩Aij = W ∩Aij , Y ∩Aik = W ∩Aik, and Z ∩Ajk = W ∩Ajk.
These imply X ∩ Ai = Y ∩ Ai( 6= ∅), X ∩ Aj = Z ∩ Aj(6= ∅), and Y ∩ Ak = Z ∩ Ak( 6= ∅). By
Y ∩Z 6= ∅ and the laminarity of {Y,Z}, either Y ( Z or Y ) Z holds. Without loss of generality,
we assume Y ( Z.
By Z 6∼ijk W and Y ( Z, it must hold Z ∩ Aj ) Y ∩ Aj = X ∩ Aj . Thus we have
Z ∩ Aij ) X ∩ Aij . By Y 6∼ijk W and Y ( Z, it must hold Y ∩ Ai ( Z ∩ Ai = X ∩ Ai. Thus
we have Y ∩Aij ( X ∩Aij . Then, by the laminarity of {X,Y, Z}, we obtain Z ) X ) Y . Since
Y ∩Ak = Z ∩Ak holds, we have X ∩Ak = Y ∩Ak = Z ∩Ak. This implies X ∼ijk W . 
As a compatible complete bipartite quartet system (Proposition 2.4), a compatible com-
plete multipartite quartet system Q induces the following uniqueness of a laminarizable family
displaying Q, which ensures the validity of our proposed algorithm.
Proposition 2.9. Suppose that a complete A-partite quartet system Q is compatible. Then a
minimal laminarizable A-cut family F displaying Q is uniquely determined up to ∼.
Proof. Suppose that F and F ′ are laminarizable A-cut families displaying Q. Let G := {X ∈ F |
∃X ′ ∈ F ′ satisfying X ∼ X ′}. It suffices to show that G is also a laminarizable family displaying
Q. The laminarizability of G is clear by G ⊆ F . Hence we show that G displays Q.
Take any ab||a′b′ ∈ Q. Assume that a, a′ ∈ A1 and b, b′ ∈ A2. By Lemma 2.7, for all distinct
i, j ∈ [r], Fij and F ′ij display Qij . By Proposition 2.4 and the laminarizability of Fij and F ′ij ,
it holds that Fij ∼ij F ′ij , implying Fij ∼ F ′ij . In particular, F12 and F ′12 display Q12, and
F12 ∼ F ′12. By ab||a′b′ ∈ Q, there are W ∈ F12 and W ′ ∈ F ′12 with W ∼W ′ such that {W} and
{W ′} display ab||a′b′. We denote by F(W ) (resp. F ′(W ′)) the set of X ∈ F (resp. X ′ ∈ F ′)
such that X ∼12 W (resp. X ′ ∼12 W ′). Note that F(W ) and F ′(W ′) are nonempty. It suffices
to show that there are X ∈ F(W ) and X ′ ∈ F ′(W ′) satisfying X ∼ X ′. Then G contains X,
implying that G displays ab||a′b′.
Suppose, to the contrary, that there is no such a pair. Let R be a maximal subset of [r] such
that X ∼R X ′ for some X ∈ F(W ) and X ′ ∈ F ′(W ′), and take such X and X ′. Note that
|R| ≥ 2 since R ⊇ {1, 2}. Since X 6∼ X ′, there is k ∈ [r] \R such that 〈X ′〉 ⊇ Ak and X 6∼k X ′.
Furthermore, by X ′ ∩Aik ∈ F ′ik and Fik ∼ F ′ik, for each i ∈ R there is Y ∈ F with Y ∼ik X ′.
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Take Y ∈ F so that I := {i ∈ R | Y ∼ik X ′} is maximal. By the maximality of R, we have
R \ I 6= ∅; otherwise X ′ ∼R∪{k} Y and Y ∈ F(W ), contradicting the maximality of R. Choose
arbitrary j ∈ R \ I. Then there is Z ∈ F with Z ∼jk X ′. Furthermore, by the maximality
of I, there is i ∈ I such that Z 6∼ik X ′. Thus we have X ∼ij X ′, Y ∼ik X ′, Z ∼jk X ′, and
X,Y, Z 6∼ijk X ′. Hence, by Lemma 2.8, {X,Y, Z} ⊆ F is not laminarizable, contradicting the
laminarizability of F . 
We are now ready to prove the validity of Algorithm 3.
Proposition 2.10. If Algorithm 3 outputs F , then F displays Q. In addition, if Q is compatible
and F ′ is a minimal laminarizable A[r−1]-cut family displaying Q[r−1], then F is a minimal
laminarizable A-cut family.
Proof. (Validity). Suppose that Algorithm 3 outputs F . It can be easily seen that Fij ∼ F ′ij
for all distinct i, j ∈ [r − 1], and Fir ∼ G(i) for all i ∈ [r − 1]. This implies that F displays
Q[r−1] ∪
⋃
i∈[r−1]Qir = Q.
Suppose that Q is compatible, and that F ′ is a minimal laminarizable A-cut family displaying
Q[r−1]. Let F∗ be a minimal laminarizable A-cut family displaying Q. It suffices to show that
F/∼ ⊆ F∗/∼. Indeed, such F is laminarizable, and the minimality of F∗ implies F ∼ F∗. Note
that, by Proposition 2.4 and Lemma 2.7, it holds that F∗ij ∼ij F ′ij for all distinct i, j ∈ [r] and
F∗ir ∼ir G(i) for all i ∈ [r − 1].
Take any X ∈ F . There are two cases (i) 〈X〉 ⊆ A[r−1] and (ii) 〈X〉 ⊇ Ar. We show
in the both cases that there is X∗ ∈ F∗ satisfying X ∼ X∗. By Lemma 2.7, F∗[r−1] is a
laminarizable family displaying Q[r−1]. Hence, by Proposition 2.9 and the minimality of F ′, we
have F ′/∼ ⊆ F∗[r−1]/∼.
(i). 〈X〉 ⊆ A[r−1] implies X ∈ F ′. Hence, by F ′/∼ ⊆ F∗[r−1]/∼, there is X∗ ∈ F∗ such
that X ∼[r−1] X∗. Suppose, to the contrary, that such X∗ satisfies 〈X∗〉 ⊇ Ar, i.e., X ≺ X∗.
Then there must be X∗ ∩ Air ∈ F∗ir for every i ∈ [r − 1] with 〈X∗〉 ⊇ Ai. By F∗ir ∼ G(i) for all
i ∈ [r − 1], FX contains Y satisfying Y  X∗( X) in Step 2. Hence X is deleted from F in
Step 3, contradicting X ∈ F . Thus X ∼ X∗ ∈ F∗ holds.
(ii). Suppose, to the contrary, that there is no X∗ ∈ F∗ satisfying X ∼ X∗. Let X ′ be an
element in F ′ that is used to construct X in Step 2. By F ′/∼ ⊆ F∗[r−1]/∼, there is X∗ ∈ F∗
with X∗ ∼[r−1] X ′. By the maximality of X and X∗ 6∼ X, we have X∗ 6∼r X. Let R ⊆ [r − 1]
be the set of indices with 〈X〉 = AR∪{r}. Take Y ∗ ∈ F∗ so that the set I ⊆ R with Y ∗ ∼I∪{r} X
is maximal. Note that I 6= ∅, since it holds that X ∩Air ∈ G(i) and G(i) ∼ F∗ir for i ∈ R.
Assume that I 6= R. Choose arbitrary j ∈ R \ I. Then there is Z∗ ∈ F∗ with Z∗ ∼jr X.
Furthermore, by the maximality of I, there is i ∈ I such that Z∗ 6∼ir X. Hence we have
X∗ ∼ij X ′ ∼ij X, Y ∗ ∼ir X, Z∗ ∼jr X, and X∗, Y ∗, Z∗ 6∼ijr X. Thus, by Lemma 2.8,
{X∗, Y ∗, Z∗} ⊆ F∗ is not laminarizable, contradicting the laminarizability of F∗.
Assume that I = R. Since Y ∗ 6∼ X, there is k ∈ [r−1]\R with 〈Y ∗〉 ⊇ Ak. For such k, we have
X ′ 6∼k Y ∗; otherwise, by Y ∗ ∩ Akr ∈ F∗kr and F∗kr ∼ G(k), Y satisfying Y  Y ∗ ∩ AR∪{k,r}( X)
is constructed in Step 2 for X ′, contradicting the maximality of X. Take Y ′ ∈ F ′ so that the set
I ′ ⊆ R with Y ′ ∼I′∪{k} Y ∗ is maximal. Note that I ′ 6= ∅, since it holds that Y ∗ ∩Aik ∈ F∗ik and
F∗ik ∼ F ′ik for i ∈ R. Furthermore I ′ 6= R, since otherwise, by Y ∗ ∩Akr ∈ F∗kr and F∗kr ∼ G(k), Y
satisfying Y  Y ∗∩AR∪{k,r}( X) is constructed in Step 2 for Y ′, contradicting the maximality
of X.
Choose arbitrary j ∈ R \ I ′. Then there is Z ′ ∈ F ′ with Z ′ ∼jk Y ∗. Furthermore, by the
maximality of I ′, there is i ∈ I ′ such that Z ′ 6∼ik Y ∗. Hence we have X ′ ∼ij Y ∗, Y ′ ∼ik Y ∗,
Z ′ ∼jk Y ∗, and X ′, Y ′, Z ′ 6∼ijk Y ∗. Thus, by Lemma 2.8, {X ′, Y ′, Z ′} ⊆ F ′ is not laminarizable,
contradicting the laminarizability of F ′.
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(Complexity). Step 1 can be done in O(
∑
i∈[r−1] |Qir|) time by Proposition 2.6. Step 2 can
be done in O(rn2) time by using the structure of Fir as follows.
First we consider the running-time of one iteration in Step 2 for X ′ ∈ F ′. By the assumption
|A1| ≥ |A2| ≥ · · · ≥ |Ar|, it holds r|Ar| = O(n). Recall 〈X ′〉 = AS . Without loss of generality,
we can assume that if X ∈ G(p) satisfies X ∼p X ′ for some p ∈ S, then X ∩ Ap = X ′ ∩ Ap.
For each p ∈ S, construct Fp := {X ∩ Ar | X ∈ G(p), X ∩ Ap = X ′ ∩ Ap} in O(|
⋃
p∈S G(p)|) =
O(
∑
i∈[r−1] |Air|) = O(n) time. By the laminarity of G(p), Fp is a chain {F 1p , F 2p , . . . , F kp } for p ∈
S, where F 1p ) F 2p ) · · · ) F kp (this chain can be obtained while constructing G(p) in Algorithm 1).
Take any maximal element F in
⋃
p∈S Fp, and obtain the set R := {p | F ∈ Fp}. This can be
done in O(r) time. Here, if |R| ≥ 2, construct Y with 〈Y 〉 = AR∪{r}, Y ∩ AR = X ′ ∩ AR, and
Y ∩Ar = F , and add Y to FX′ . Then, for each p with F = F 1p , update Fp ← Fp \ {F 1p }, and do
the same thing. By repeating this procedure in O(|⋃p∈S Fp|) = O(n) times, we can construct
the set FX′ . Hence one iteration in Step 2 takes O(rn) time. Since F ′ = O(|A[r−1]|) = O(n), the
number of iterations in Step 2 is O(n). Thus the running-time of Step 2 is bounded by O(rn2).
Step 3 can be done in O(n4) time. Indeed, by the construction of FX in Step 2 as above,
|FX | = O(n). Hence, before updating F , it holds that |F| = O(n) + O(n2) + O(n) = O(n2),
where the first, second, and last terms come from F ′, ⋃X′∈F ′ FX′ , and ⋃i∈[r−1] G(i), respectively.
Since it takes O(|F|2) time to update F in Step 3, the running-time of Step 3 is bounded by
O(n4).
Thus Algorithm 2 runs inO(
∑
i∈[r−1] |Qir|+rn2+n4) = O(n4) time. Indeed, O(
∑
i∈[r−1] |Qir|) =
O(|A[r−1]|2|Ar|2) = O(n4) by |Qij | =
(|Ai|
2
)(|Aj |
2
)
= O(|Ai|2|Aj |2). 
Our proposed algorithm for Displaying is the following.
Algorithm 4 (for Displaying):
Step 1: Execute Algorithm 2 for Q12. If Algorithm 2 returns “Q12 is not compatible,” then
output “Q is not compatible” and stop. Otherwise, obtain F (2).
Step 2: For t = 3, . . . , r, execute Algorithm 3 for F (t−1). If Algorithm 3 returns “Q[t] is not
compatible,” then output “Q is not compatible” and stop. Otherwise, obtain F (t).
Step 3: Output F := F (r). 
Theorem 2.11. Algorithm 4 solves Displaying in O(rn4) time. Furthermore, if the input is
compatible, then the output is a minimal laminarizable A-cut family.
Proof. (Validity). Suppose that Q is compatible. Then so is Q12 by Lemma 2.7. We can
obtain appropriate F (2) in Step 1 by Proposition 2.6. Furthermore, by Proposition 2.6, Step 2
constructs appropriate F (t) for all t = 3, . . . , r. Hence, in Step 3, the algorithm outputs a minimal
laminarizable family F . This implies that, if Algorithm 3 outputs “Q is not compatible,” then
actually Q is not compatible.
Even if Q is not compatible and Algorithm 2 outputs some A-cut family F , Proposition 2.10
justifies that F displays Q since F (2) displays Q12 by Proposition 2.6.
(Complexity). Note that t|At| = O(|A[t]|) for t = 3, . . . , r. Steps 1 and 2 take O(|Q12| +∑r
t=3 |A[t]|4) = O(r|A[r]|4) = O(rn4) time. Thus the running-time of Algorithm 3 is O(rn4). 
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3 Full multipartite quartet system
3.1 Full Displaying and Full Laminarization
As in Section 2.1, we see that Quartet Compatibility for full multipartite quartet systems
can be divided into two subproblems named as Full Displaying and Full Laminarization.
The outline of the argument is the same as the case of complete multipartite quartet systems.
Let Q be a full quartet system on finite set A ⊆ [n]. We say that a family F ⊆ 2[n] displays Q if
for all distinct a, b, c, d ∈ A, the following (i) and (ii) are equivalent:
(i) ab||cd belongs to Q.
(ii) There is X ∈ F satisfying a, b ∈ X 63 c, d or a, b 6∈ X 3 c, d.
Let A := {A1, A2, . . . , Ar} be a partition of [n] with |Ai| ≥ 2 for all i ∈ [r], and Q = Q0 ∪ Q1 ∪
· · · ∪ Qr be a full A-partite quartet system. Here Q0 is complete A-partite and Qi is full on Ai
for each i ∈ [r]. We also say that F displays Q if F displays all Q0,Q1, . . . ,Qr.
The following implies that Quartet Compatibility for full A-partite quartet system Q
can be viewed as the problem of finding a laminar family L displaying Q if it exists; the proof is
similar to that of Lemma 2.1.
Lemma 3.1. A full A-partite system Q is compatible if and only if there exists a laminar family
L displaying Q. In particular, in the compatible case, Q is displayed by the phylogenetic tree
corresponding to L.
We also introduce an equivalent relation ≈ on sets X,Y ⊆ [n] by: X ≈ Y if the families {X}
and {Y } display the same full A-partite quartet system. A set X ⊆ [n] is called a weak A-cut
if X 6≈ ∅. One can see that X is a weak A-cut if and only if X is an A-cut, or 〈X〉 = Ai for
some i ∈ [r] and min{|X|, |Ai \X|} ≥ 2. One can see that, for weak A-cuts X,Y , it holds that
X ≈ Y ⇔ {〈X〉 ∩ X, 〈X〉 \ X} = {〈Y 〉 ∩ Y, 〈Y 〉 \ Y }. The equivalence relation is extended to
weak A-cut families F ,G by: F ≈ G ⇔ F/≈ = G/≈, where F/≈ is defined as in Section 2.1.
A weak A-cut family F is said to be laminarizable if there is a laminar family L with F ≈ L.
Note that an A-cut is a weak A-cut, and for A-cuts or A-cut families, the equivalence relations
∼ and ≈ are the same.
By the same argument as in Section 2.1, Quartet Compatibility for a full A-partite
quartet system Q can be divided into the following two subproblems.
Full Displaying
Given: A full A-partite quartet system Q.
Problem: Either detect the incompatibility ofQ, or obtain some weakA-cut family F displaying
Q. In addition, if Q is compatible, then F should be laminarizable.
Full Laminarization
Given: A weak A-cut family F .
Problem: Determine whether F is laminarizable or not. If F is laminarizable, obtain a laminar
weak A-cut family L with L ≈ F .
Here, in Full Laminarization, we assume that no distinct X,Y with X ≈ Y are contained in
F , i.e., |F| = |F/≈|.
Full Laminarization can be solved in O(n4) time by reducing to Laminarization.
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Theorem 3.2. Full Laminarization can be solved in O(n4) time.
Proof. Let F be the input weak A-cut family of Full Displaying. We can assume |F| ≤ 2n
since otherwise F is not laminarizable. For each X ∈ F , we add a new set AX with |AX | = 2 to
the ground set [n] and to the partition A of [n]; the ground set will be [n] ∪⋃X∈F AX and the
partition will be A+ := A ∪ {AX | X ∈ F}. Note that the size of the new ground set is O(n)
by |F| ≤ 2n and |AX | = 2. Define X+ := X ∪ {x}, where x is one of the two elements of AX
and define F+ := {X+ | X ∈ F}. Since 〈X+〉 = 〈X〉 ∪ AX , F+ is an A+-cut family. It is easily
seen that there exists a laminar family L with L ≈ F if and only if there exists a laminar family
L+ with L+ ∼ F+. Furthermore, from such L+, we can construct a desired laminar family L
by L := {X ∩ [n] | X ∈ L+}. Thus, by Theorem 2.3, Full Laminarization can be solved in
O(n4) time. 
In Section 3.2, we give an O(rn4)-time algorithm for Full Displaying (Theorem 3.4). Thus,
by Theorems 3.2 and 3.4, we obtain Theorem 1.1 for full A-partite quartet systems.
3.2 Algorithm for full multipartite quartet system
Our proposed algorithm for full multipartite quartet systems is devised by combining Algorithm 4
for complete multipartite quartet systems and an algorithm for full quartet systems. For full
quartet system Q, it is known [2] that Quartet Compatibility can be solved in linear time
of |Q|, and that a phylogenetic tree displaying Q is uniquely determined. By summarizing these
facts with notations introduced in this paper, we obtain the following.
Theorem 3.3 ([2, 8]). Suppose that Q is full on [n]. Then Quartet Compatibility can be
solved in O(|Q|) time. Furthermore, if Q is compatible, then a weak {[n]}-cut family F displaying
Q is uniquely determined up to ≈.
Let A := {A1, A2, . . . , Ar} be a partition of [n] with |Ai| ≥ 2 for all i ∈ [r]. Suppose that
a full A-partite quartet system Q = Q0 ∪ Q1 ∪ · · · ∪ Qr is compatible. Then we can obtain a
minimal laminarizable A-cut family F0 displaying Q0 and a laminar weak A-cut family Li ⊆ 2Ai
displaying Qi for each i ∈ [r]. By combining F0,L1, . . . ,Lr appropriately, we can construct a
minimal laminarizable weak A-cut family displaying Q as follows.
Algorithm 5 (for Full Displaying):
Input: A full A-partite quartet system Q = Q0 ∪Q1 ∪ · · · ∪ Qr.
Output: Either detect the incompatibility of Q, or obtain a weak A-cut family F displaying Q.
Step 1: Solve Displaying for Q0 by Algorithm 4 and Quartet Compatibility for Qi for
i ∈ [r]. If algorithms detect the incompatibility of Qi for some i, then output “Q is not
compatible” and stop. Otherwise, obtain an A-cut family F0 displaying Q0 and a laminar
weak A-cut family Li ⊆ 2Ai displaying Qi for each i ∈ [r].
Step 2: Let Fi := {X ∩ Ai | X ∈ F0 with 〈X〉 ⊇ Ai, X ∩ Ai is a weak A-cut} for i ∈ [r]. If
Fi/≈ 6⊆ Li/≈, then output “Q is not compatible” and stop.
Step 3: Define F := F0 ∪
⋃
i∈[r]{Y ∈ Li | Y 6≈ X for all X ∈ Fi}. If |F| ≤ 2n, then output F .
Otherwise, output “Q is not compatible.” 
Theorem 3.4. Algorithm 5 solves Full Displaying in O(rn4) time. Furthermore, if the input
is compatible, then the output is a minimal laminarizable weak A-cut family.
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Proof. (Validity). It suffices to show that (i) if Algorithm 5 reaches Step 3, then F defined in
Step 3 displays Q, and (ii) if Q is compatible, then Algorithm 5 outputs a laminarizable family
F .
(i). Observe that a weak A-cut family F displays Q if and only if the family of A-cuts in
F displays Q0 and {X ∩ Ai | X ∈ F such that 〈X〉 ⊇ Ai, X ∩ Ai is a weak A-cut} ≈ Li for
every i ∈ [r]. Note that the latter condition follows from Theorem 3.3. Hence the output F of
Algorithm 5 displays Qi for all i ∈ [r]. Indeed, by the definition of F , the family of A-cuts in
F is equal to F0, and {X ∩ Ai | X ∈ F such that 〈X〉 ⊇ Ai, X ∩ Ai is a weak A-cut} ≈ Li for
every i ∈ [r].
(ii). Suppose that Q is compatible. Let F∗ be a laminar weak A-cut family displaying Q.
First we prove that Algorithm 5 reaches Step 3. Since Q is compatible, so are Q0,Q1, . . . ,Qr.
Suppose, to the contrary, that Fi/≈ 6⊆ Li/≈ for some i ∈ [r]. By Proposition 2.9 and The-
orem 2.11, it holds F0/≈ ⊆ F∗0/≈, where F∗0 is the family of A-cuts in F∗. Then it follows
from Fi/≈ 6⊆ Li/≈ that {X ∩ Ai | X ∈ F∗ such that 〈X〉 ⊇ Ai, X ∩ Ai is a weak A-cut} 6≈ Li,
contradicting that F∗ displays Qi.
Next we prove that F is laminarizable. It suffices to show that F/≈ ⊆ F∗/≈. Suppose,
to the contrary, that F/≈ 6⊆ F∗/≈. Then there is X ∈ F with X 6≈ Y for all Y ∈ F∗. By
Proposition 2.9 and Theorem 2.11, it holds that X ∈ Li for some i ∈ [r]. Since {X ∩ Ai | X ∈
F∗ such that 〈X〉 ⊇ Ai, X∩Ai is a weak A-cut} ≈ Li, there is X∗ ∈ F∗ such that X∗∩Ai ≈ X.
If X∗ ∈ F∗ \ F∗0 , then 〈X∗〉 = Ai. This implies X∗ ≈ X, contradicting the assumption of X.
Suppose that X∗ ∈ F∗0 . Then 〈X∗〉 ⊇ Ai∪Aj for some j ∈ [r]\{i}. By the definition of F , there
is no Y ∈ F0 with Y ∩Ai ≈ X. This implies that (F0)ij 6∼ (F∗0 )ij , contradicting Proposition 2.4.
The above proof implies that F is a minimal laminarizable weak A-cut family. |F| ≤ 2n
follows from the laminarizability and minimality of F .
(Complexity). By Theorems 2.11 and 3.3, Step 1 can be done in O(rn4+
∑
i∈[r] |Qi|) = O(rn4)
time. Steps 2 and 3 take O(n2) time. Thus the running-time of Algorithm 5 is O(rn4). 
By the proof of Theorem 3.4, the following corollary holds.
Corollary 3.5. Suppose that a full A-partite quartet system Q is compatible. Then a minimal
laminarizable weak A-cut family F displaying Q is uniquely determined up to ≈.
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